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1 Introduction
Let (Mn, g) denote a compact smooth Riemannian manifold with no boundary
of dimension n ≥ 3. The Yamabe problem is to search a metric g˜ in the conformal
class [g] of g such that g˜ has a constant scalar curvature Rg˜ = c. Write g˜ = u
4
n−2 g.
The Yamabe problem is equivalent to solve
−Lgu = cu
n+2
n−2 , u > 0 in M, (1)
where Lg = ∆g − n−24(n−1)Rg is the conformal Laplacian of g, and c = −1, 0, or 1.
Let φ1 be a positive eigenfunction of the first eigenvalue λ1 of −Lg, i.e.
λ1 = inf
φ∈H1(M)\{0}
∫
M |∇φ|2g + n−24(n−1)Rgφ2 dvolg∫
M φ
2 dvolg
,
and −Lgφ1 = λ1φ1. A direct calculation yields that
R
φ
4
n−2
1
g
= − n− 2
4(n− 1)φ
−n−2
n−2
1 Lgφ1 =
n− 2
4(n− 1)φ
−4
n−2
1 λ1.
After replacing g by φ
4
n−2
1 g, we assume the scalar curvature of the background
metric g has a definite sign, that is, either
∗Partially supported by GRF Grant 6041477
1
2Rg > 0, or Rg ≡ 0, or Rg < 0.
Consider the functional
Q(φ) =
∫
M |∇φ|2g + n−24(n−1)Rgφ2 dvolg
(
∫
M φ
2n
n−2 dvolg)
n−2
n
.
u is a solution of the equation (1), then u is a critical point of the above functional
Q. It is a simple consequence of the Ho¨lder inequality that
λ(Mn, g) := inf
φ∈H1(M)\{0}
Q(φ) > −∞.
In [24], Yamabe approached the problem by attempting to prove that a minimiz-
ing sequence of Q will converge to a minimizer. Trudinger ([22]) pointed out that
the convergence failed on the standard sphere (Sn, ground), and Trudinger was able
to fix Yamabe’s arguments when λ(Mn, g) ≤ 0. In general, we know
λ(Mn, g) ≤ λ(Sn, ground).
In([1]), Aubin proved the convergence of the minimizing sequence if
λ(Mn, g) < λ(Sn, ground).
When the manifold Mn is not locally conformally flat, it was proved by Aubin, for
n ≥ 6, and that by Schoen, for n = 3, 4, 5, that λ(Mn, g) < λ(Sn, ground). When
the manifold is locally conformally flat and not conformally diffeomorphic to the
standard sphere, Schoen established the compactness result of the solutions to the
equation (1) using a deep result of his joint work with Yau in [21], therefore confirmed
the existence of the solutions.
For (Mn, g), an n−dimensional(n ≥ 3) smooth Riemannian compact manifold
with boundary, a similar problem is to look for a metric g˜ ∈ [g] having constant
scalar curvature on Mn and constant mean curvature on the boundary ∂M . Let
g˜ = u
4
n−2 g. The problem is equivalent to searching a solution of the following
equation
{ −Lgu = c1u
n+2
n−2 on Mn
Bgu = c2u
n
n−2 on ∂M,
(2)
where the boundary operator Bg =
2
n−2
∂
∂ν
+ hg, hg is the mean curvature of g w.r.t.
the unit outer normal ∂
∂ν
, and c1, c2 denote two constants. When c2 = 0, the
3problem is variational. In fact, the equation (2) is the Euler-Lagrange equation of
the functional
F(φ) =
∫
M |∇φ|2g + n−24(n−1)Rgφ2 dvolg + n−22
∫
∂M hgφ
2 dSg
(
∫
M φ
2n
n−2 dvolg)
n−2
n
,
and we have
λ(M, g) := inf
φ∈H1(M)\{0}
F(φ) > −∞.
Cherrier ([3]) proved that the inf F is achieved by a smooth positive function if
λ(M, g) < λ(Sn+, ground), (3)
where (Sn+, ground) is the standard half sphere. When c2 = 0 in the equation (2),
Escobar ([6]) obtained the existence of the solution for a large class of manifolds by
achieving (3). For the general constant c2, let φ1 be a smooth positive function of
the eigenvalue problem
{ −Lgφ1 = λ1φ1 on M
n
Bgφ1 = 0 on ∂M,
where
λ1 := inf
φ∈H1(M)\{0}
∫
M |∇φ|2g + n−24(n−1)Rgφ2 dvolg + n−22
∫
∂M hgφ
2 dSg∫
M φ
2 dvolg
. (4)
Then
{
R
φ
4
n−2
1
g
= 4(n−1)
n−2 λ1φ
−4
n−2
1 on M
n
h
φ
4
n−2
1
g
= 0 on ∂M.
Replacing g by φ
4
n−2
1 g, we may assume one of the following three cases holds, i.e.,
Rg > 0, Rg < 0, Rg = 0.
or or
hg = 0 hg = 0 hg = 0
We say the equation (2) is of positive/negative/zero type if λ1 as defined in (4) is
positive/negative/zero respectively (see [12] for more discussion). When c2 = 0, by
the Hopf lemma, the positive/negative/zero type implies that c1 > 0/c1 < 0/c1 = 0.
In [7], Escobar proved that the equation (2) is solvable for some c2 > 0 and some
4c2 < 0 under certain hypothesis. In [12], and [13], Han and Li confirmed the
existence of the solutions to the equation (2) when the manifold is of positive type
and is locally conformally flat with umbilic boundary or with non totally umbilic
boundary of dimension n ≥ 5. In this paper, we will study the equation (2) of
negative type. More generally, we will study a fully nonlinear version of the negative
type being stated as follows.
Let Ricg denote the Ricci tensor of g. Consider the modified Schouten tensor of
g as introduced in [18]
Atg :=
1
n− 2
(
Ricg − tRg
2(n− 1)g
)
, t ≤ 1.
Note that A0g = Ricg and A
1
g = Ag is the Schouten tensor (see [5]). Schouten
tensor as a (0, 2) tensor appears in the decomposition of the Riemann tensor, i.e.,
the Riemann tensor can be decomposed as the direct sum of the Weyl tensor and the
Kulkarni-Numizu product of Ag with g. In [18], we introduced A
t
g up to a constant
multiple. In fact, we introduced the tensor sAg+
(1−s)Rg
2(n−1) g = sA
t
g with t = n−1− n−2s .
Assume that
Γ ⊂ Rn is an open convex symmetric cone with vertex at the origin (5)
satisfying
Γn := {λ = (λ1, · · ·λn) ∈ Rn| λ1 > 0, · · ·λn > 0} ⊂ Γ ⊂ Γ1 := {λ ∈ Rn|
n∑
i=1
λi > 0},
(6)
where Γ being symmetric means that
(λ1, · · ·λn) ∈ Γ⇐⇒ (λi1 , · · ·λin) ∈ Γ
for any permutation (i1, · · · , in) of (1, · · · , n).
For α0 ∈ (0, 1), assume that
f ∈ C2,α0(Γ) ∩ C0(Γ¯) is concave, homogeneous of degree 1 and symmetric in λi,
(7)
satisfying
f |∂Γ = 0, ∇f ∈ Γn on Γ, (8)
lim
s→∞ f(sλ) =∞, λ ∈ Γ, (9)
and
5f(λ) ≤ 1
ǫ¯
n∑
i=1
λi,
n∑
i=1
fλi(λ) ≥ ǫ¯ on the level set {f = 1} (10)
for some constant ǫ¯ > 0.
Notice that f is homogeneous of degree 1. Therefore fλi is homogeneous of degree
0 and the above assumption (10) also holds in Γ.
Let λg(A
t
g) denote the eigenvalues of A
t
g w.r.t. the metric g. A fully nonlinear
problem of negative admissible curvature is to look for a metric g˜ ∈ [g] solving
{ f(−λg˜(A
t
g˜)) = 1, −λg˜(Atg˜) ∈ Γ on M
hg˜ = c on ∂M,
(11)
if −λg(Atg) ∈ Γ on M and hg ≤ 0 on ∂M , where c is a constant.
When (f,Γ) = (σ
1
k
k ,Γk), the problem is the k−th Yamabe problem of negative
admissible type, where
σk(λ) =
∑
1≤i1<···<ik≤n
λi1 · · ·λik , Γk := {λ ∈ Rn|σ1(λ) > 0, · · · , σk(λ) > 0}.
It is well-known that (σ
1
k
k ,Γk) satisfies assumptions (5)-(10). In particular, when
k = 1, the problem (11) is equivalent to solving the equation (2) of negative type.
This is because σ1(−λg˜(Atg˜))) = − 1n−2(1− nt2(n−1))Rg˜, and the assumption −λg(Atg) ∈
Γ1, hg ≤ 0 is to say that Rg < 0 and hg ≤ 0, which implies that λ1 < 0 by taking
φ ≡ 1 in (4). Conversely, if the equation is of negative type, we can assume Rg < 0
and hg = 0. Clearly the solution u of the equation (2) also gives a solution g˜ = u
4
n−2 g
to the problem (11).
In [9], Gursky and Viaclovsky proved that, for t < 1, there exists a unique
solution g˜ ∈ [g] solving
σk(−λg˜(Atg˜)) = 1, −λg˜(Atg˜) ∈ Γk
if the compact manifold of dimension n ≥ 3 has no boundary and −λg(Atg) ∈ Γk.
Theorem 1.1 Let (Mn, g) be an n−dimensional (n ≥ 3) compact smooth Rieman-
nian manifold with ∂M 6= ∅, and let (f,Γ) be a pair satisfying (5)-(10). Assume
that −λg(Atg) ∈ Γ on M and hg ≤ 0 on ∂M . Then, for c ≤ 0 and for t < 1, there
exists a unique solution g˜ = e2vg solving the problem (11). Moreover,
‖v‖C4,α0 (Mn,g) ≤ C,
where C > 0 is a universal constant depending only on (Mn, g), (f,Γ), α, t, and |c|.
6The next theorem is a more general result.
Theorem 1.2 Let (Mn, g) be an n−dimensional (n ≥ 3) compact smooth Rieman-
nian manifold with ∂M 6= ∅, and let (f,Γ) be a pair satisfying (5)-(10). Assume
that −λg(Atg) ∈ Γ on M and hg ≤ 0 on ∂M . Given any 0 < φ ∈ C2,α0(Mn) and any
0 ≥ ψ ∈ C3,α0(∂M), then, for t < 1, there exists a unique solution g˜ = e2vg solving
{ f(−λg˜(A
t
g˜)) = φ, −λg˜(Atg˜) ∈ Γ on M
hg˜ = ψ on ∂M.
(12)
Moreover
‖v‖C4,α0 (Mn,g) ≤ C,
where C > 0 is a universal constant depending only on (Mn, g), (f,Γ), φ, ψ, α, and
t.
In the above theorems, we do not assume the boundary ∂M is umbilic or the
manifold is locally conformally flat near ∂M , so when we establish the a-priori es-
timates on the boundary, we can not assume ∂M is totally geodesic, which offers a
very useful geodesic normal coordinates, i.e., locally, one direction of the geodesic
normal coordinates is the normal direction and all the other directions of coordinates
are the tangent directions of ∂M . On the general manifolds, the lack of such co-
ordinates causes the a-priori estimates much more difficult to obtain. The Yamabe
problem of the negative case can avoid this particular assumption on the bound-
ary of the manifold since the problem is variational and the minimizing sequence is
convergent. However, our problem (12) may not even be variational. To overcome
this difficulty, we introduce a very useful coordinates near ∂M in Section 4, called
the tubular neighborhood normal coordinates. Such coordinates allow us get rid of
the assumption of the umbilic boundary, which is very important in the following
theorem. As an application of the above theorems, we affirm the existence of certain
Riemannian metrics on a general compact smooth differential manifold with some
boundary.
Theorem 1.3 Let (f,Γ), φ, ψ be as in Theorem 1.2. Any compact n−dimensional
(n ≥ 3) smooth differential manifold with some boundary always admits a smooth
Riemannian metric g˜ with the negative Ricci tensor satisfying
{ det(−Ricg˜) = 1 on M,
hg˜ = 0 on ∂M.
More generally, for t < 1, any compact n−dimensional (n ≥ 3) smooth differential
manifold with some boundary always admits a C4,α0 Riemannian metric g˜ satisfying
7{ f(−λg˜(A
t
g˜)) = φ, −λg˜(Atg˜) ∈ Γ on M
hg˜ = ψ on ∂M.
We want to point out that a similar problem of positive admissible curvature has
been studied by quite a few people and many important results have been obtained
such as [2], [10], [11], [14], [17], [18], [20] and the references therein. If we write
the equation (1.3) in v with g˜ = e2vg. Then the equation becomes a fully nonlinear
elliptic equation in v with the exact form being given in section 2. In general, fully
nonlinear elliptic equations involving f(λ(D2v)) have been studied by Caffarelli,
Nirenberg and Spruck ([4]) and many others. Fully nonlinear equations involving
f(λ(∇2gv + g)) have been investigated by Li ([16]), Urbas ([23]) and others.
We organize our paper as follows. In section 2, we present some prerequisites
and prove the uniqueness of the solution. We establish the C0 estimates in section
3. In section 4, we introduce the tubular neighborhood normal coordinates and
discuss some of its properties. In the next two sections, we use such coordinates to
derive the gradient estimates and the Hessian estimates. In section 7, we establish
the existence of the solution to the equation (12). In the last section, we prove the
Theorem 1.3.
Acknowledgment: The first author would like to express her appreciation to
Professor Yanyan Li for his valuable suggestions on possible topics to work on.
2 Uniqueness
For g˜ ∈ [g], write g˜ = e2vg. We have the conformal transformation
{ A
t
g˜ = −W vg + e2vAtg
hg˜ = (hg + vν)e
−v,
where ∂
∂ν
is the unit outer normal of g on ∂M and
W vg := ∇2gv +
1− t
n− 2(∆gv)g +
2− t
2
|∇v|2gg − dv ⊗ dv.
The equation (12) is equivalent to solving
{ f(λg(W
v
g −Atg)) = φ(x)e2v, λg(W vg −Atg) ∈ Γ on M
hg + vν = e
vψ(x) on ∂M.
(13)
8Proof of the Uniqueness. In this section, we give an independent proof of the
uniqueness of the solution for t ≤ 1 even though we can see this later from the
method of continuity and a suitable homotopy for t < 1. Let v1, v2 be two solutions
of the equation (13), and let gi = e
2vig for i = 1, 2. Write g2 = e
2wg1 with w = v2−v1.
Then v2 is a solution of the equation (13) is to say
{ f(λg1(W
w
g1
−Atg1)) = φ(x)e2w, λg1(Wwg1 −Atg1) ∈ Γ on M
hg1 + wν1 = e
wψ(x) on ∂M,
where ∂
∂ν1
is the unit outer normal w.r.t. g1 on ∂M .
Note that v1 is also a solution of (13), so hg1 = ψ and the above equation becomes
{ f(λg1(W
w
g1
−Atg1)) = φ(x)e2w, λg1(Wwg1 −Atg1) ∈ Γ on M
wν1 = (e
w − 1)ψ(x) on ∂M. (14)
Let w(x0) = max
M
w.
Lemma 2.1 w(x0) ≤ 0.
Proof of the Lemma 2.1
Case 1. If x0 is an interior point of M , then ∇g1w(x0) = 0, ∇2g1w(x0) ≤ 0, and
Wwg1(x0) = ∇2g1w(x0) +
1− t
n− 2(∆g1w)(x0)g1(x0) ≤ 0,
which, together with (8), implies that
φ(x0)e
2w(x0) = f(λg1(W
w
g1
− Atg1)(x0)) ≤ f(λg1(−Atg1)(x0)) = φ(x0),
therefore e2w(x0) ≤ 1, i.e., w(x0) ≤ 0.
Case 2. If x0 ∈ ∂M , then wν1(x0) ≥ 0. By the second equation in (14), we
know that
0 ≤ wν1(x0) = (ew − 1)(x0)ψ(x0),
so either (ew − 1)(x0) ≤ 0 when ψ(x0) < 0, or wν1(x0) = 0 when ψ(x0) = 0, that
is, when ψ(x0) < 0, we have w(x0) ≤ 0, and when ψ(x0) = 0, wν1(x0) = 0 gives
∇g1w(x0) = 0, therefore ∇2g1w(x0) ≤ 0. We can proceed as in case 1 to conclude
that w(x0) ≤ 0. Lemma 2.1 has been established. ♣
Let w(y0) = min
M
w.
Lemma 2.2 w(y0) ≥ 0.
9Proof of the Lemma 2.2
Case 1. If y0 is an interior point of M , then ∇g1w(y0) = 0, ∇2g1w(y0) ≥ 0, and
Wwg1(y0) = ∇2g1w(y0) +
1− t
n− 2(∆g1w)(y0)g1(y0) ≥ 0,
which implies that
φ(y0)e
2w(y0) = f(λg1(W
w
g1
− Atg1)(y0)) ≥ f(λg1(−Atg1)(y0)) = φ(y0),
therefore e2w(y0) ≥ 1, i.e., w(y0) ≥ 0.
Case 2. If y0 ∈ ∂M , then wν1(y0) ≤ 0 and
0 ≥ wν1(y0) = (ew − 1)(y0)ψ(y0),
so either ψ(y0) < 0, we have w(y0) ≥ 0, or ψ(y0) = 0, then wν1(y0) = 0, which
implies that ∇g1w(y0) = 0, therefore ∇2g1w(y0) ≥ 0. We can proceed as in case 1 to
conclude that w(y0) ≥ 0. Lemma 2.2 has been established. ♣
Combining Lemma 2.1 and Lemma 2.2, we have w ≡ 0, that is, v1 ≡ v2. The
uniqueness of the solution of the equation (12) has been proved. ♣
Remark 2.1 When k = 1, c = 0, the uniqueness of the solution has been obtained
by Cheerier in [3] and it implies that the solution must be the unique minimum point
of F .
3 C0 estimates
When the manifold has some boundary, the C0 estimate is not a trivial consequence
of the maximum principle anymore. In this section, we obtain C0 estimates by
establishing the upper bounds and the lower bounds individually.
Lemma 3.1 Let (Mn, g) and (f,Γ) be as in Theorem 1.2. For t ≤ 1, let v be a
C2 solution of the equation (12). Then there exists a universal constant C > 0
depending only on (Mn, g, t), (f,Γ), φ and ψ such that
v ≤ C.
Proof of the Lemma 3.1. In this paper, if not specified, we will use C > 0 to
denote a universal constant with the dependence as being described in the statement
10
of the Lemma 3.1, but may change from line to line. Since λg(A
t
g) ∈ Γ ⊂ Γ1 and
hg ≤ 0, we have Rg < 0 and hg ≤ 0, from which, we know that (Mn, g) is of negative
type. Hence we can find g0 = e
2v0g such that
{ Rg0 < 0 on M
hg0 = 0 on ∂M.
Write e2vg = e2v˜g0 with v˜ = v − v0. Then v˜ satisfies
{ f(λg0(W
v˜
g0
−Atg0)) = φ(x)e2v˜, λg0(W v˜g0 −Atg0) ∈ Γ on M
v˜ν0 = e
v˜ψ(x) on ∂M,
(15)
where ∂
∂ν0
is the unit outer normal of g0 on ∂M .
Let v˜(x0) = max
M
(v˜).
Case 1. If x0 is an interior point of M , then ∇g0 v˜(x0) = 0, ∇2g0 v˜(x0) ≤ 0 and
therefore W v˜g0(x0) ≤ 0. Hence
λg0(W
v˜
g0
− Atg0)(x0) ∈ Γ
implies that λg0(−Atg0) ∈ Γ. Thus by (9) and (10),
e2v˜(x0)φ(x0) = f(λg0(W
v˜
g0
− Atg0)(x0)) ≤ f(λg0(−Atg0)(x0))
≤ Cσ1(λg0(−Atg0)(x0)) ≤ CmaxM (−Rg) =: C,
so we have v˜(x0) ≤ C.
Case 2. If x0 ∈ ∂M , then ψ(x0) = 0. If not, then at x0, the second equation in
(15) implies that
0 ≤ v˜ν0(x0) = ev˜(x0)ψ(x0) < 0,
which is a contradiction. Thus v˜ν0(x0) = e
v˜(x0)ψ(x0) = 0, ∇g0 v˜(x0) = 0, and
∇2g0 v˜(x0) ≤ 0. We can proceed as in case 1 to obtain v(x0) ≤ C.
Combining the above two cases, we have v˜ ≤ C, which means v ≤ C. Lemma 3.1
has been established. ♣
Lemma 3.2 Let (Mn, g) and (f,Γ) be as in Theorem 1.2. For t ≤ 1, let v be a
C2 solution of the equation (12). Then there exists a universal constant C > 0
depending only on (Mn, g, t), (f,Γ), φ and ψ such that
v ≥ −C.
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Proof of the Lemma 3.2. Let w¯ be a smooth function such that w¯ is the distance
function to ∂M near the boundary and w¯ takes value in [0, 1] in general. Then
w¯ν |∂M ≡ −1. Let g0 = e2ǫ0w¯g with ǫ0 > 0 being a constant to be chosen later. We
have
hg0 = (hg + ǫ0w¯ν)e
−ǫ0w¯ ≤ −ǫ0e−ǫ0 < 0, (16)
and
−λg0(Atg0) = λg
(
ǫ0[∇2gw¯ + 1−tn−2(∆gw¯)g
+2−t
2
ǫ0|∇w¯|2gg − ǫ0dw¯ ⊗ dw¯]− Atg
)
,
so we can take ǫ0 ≪ 1 depending only on (Mn, g, t, f,Γ) such that
−λg0(Atg0) ∈ Γ and f(−λg0(Atg0)) ≥
1
2
min
M
f(−λg(Atg)). (17)
Let v˜ = v − ǫ0w¯. Then e2vg = e2v˜g0 and v˜ solves
{ f(λg0(W
v˜
g0
−Atg0)) = φ(x)e2v˜, λg0(W v˜g0 −Atg0) ∈ Γ on M
v˜ν0 + hg0 = e
v˜ψ(x) on ∂M,
(18)
Let v˜(y0) = min
M
v˜.
Case 1. If y0 is in the interior of M , then ∇g0 v˜(y0) = 0, ∇2g0 v˜(y0) ≥ 0 and
W v˜g0(y0) ≥ 0. Hence by (9), (17) and (18),
e2v˜(y0)φ(y0) = f(λg0(W
v˜
g0
−Atg0)(y0)) ≥ f(λg0(−Atg0)(y0))
≥ 1
2
min
M
f(λg(−Atg)),
i.e.,
v˜(y0) ≥ 1
2
min
M
(ln(
1
2φ
min
M
f(λg(−Atg)))) ≥ −C.
Case 2. If y0 ∈ ∂M , then v˜ν0(y0) ≤ 0. By (16) and (18),
−ǫ0e−ǫ0 ≥ hg0(y0) + v˜ν0(y0) = ev˜(y0)ψ(y0) ≥ −Cev˜(y0),
so
v˜(y0) ≥ ln ǫ0
C
− ǫ0 ≥ −C.
Combining the above two cases, we know v˜ ≥ −C, hence v ≥ −C. Lemma 3.2 has
been proved. ♣
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4 Tubular Neighborhood Normal Coordinates
The main issue of the gradient and the Hessian estimates is the bounds on the
boundary of M . For this reason, we need to introduce certain coordinates near ∂M .
Let g|∂M be the induced metric of g on ∂M , and let δ1 > 0 be the minimum of the
injectivity radius of (Mn, g) and the injectivity radius of (∂M, g|∂M). Consider the
map E : ∂M × [0, δ1) → M by E(y, t) = expy(−t ∂∂ν ). Since E(y, 0) = y implies
that, for any y ∈ ∂M , dE|(y,0)(X) = X for X ∈ Ty(∂M), and dE|(y,0)( ddt) = − ∂∂ν 6=
0. That is, dE|(y,0) is an isomorphism from T(y,0)(∂M × [0, δ1)) → TyM . By the
Implicit Function Theorem, there exists some constant δy ∈ (0, δ1) such that E
is a smooth diffeomorphism on (∂M ∩ Bδy(y)) × [0, δy), where Bδy(y) is the open
geodesic ball of (Mn, g) centered at y with radius δy. By shrinking Bδy(y), we can
also assume the exponential map of (∂M, g|∂M) at y is a smooth diffeomorphism in
Bδy(y)∩ ∂M . Now we extend ∂∂ν to the interior of M , still denoted by ∂∂ν such that
∂
∂ν
|E(z,t) = −dEdt |(z,t) for any z ∈ ∂M ∩Bδy(y). Then ∂∂ν is a smooth unit vector field
in E
(
(∂M ∩ Bδy(y))× [0, δy)
)
.
Proposition 4.1 For any y0 ∈ ∂M,
B δy0
2
(y0) ⊂ E
(
(∂M ∩Bδy0 (y0))× [0, δy0)
)
,
and for any y ∈ B δy0
2
(y0), there exists a unique y¯ ∈ ∂M such that d(y, y¯) = d(y, ∂M).
Moreover y¯ ∈ Bδy0 (y0) ∩ ∂M .
Proof of the Proposition 4.1 For any y ∈ B δy0
2
(y0),
s := d(y, ∂M) ≤ d(y, y0) < δy0
2
.
For any z ∈ ∂M \Bδy0 (y0),
d(y, z) ≥ d(z, y0)− d(y, y0) > δy0 −
δy0
2
=
δy0
2
.
Thus if d(y, ∂M) = d(y, y¯) for some y¯ ∈ ∂M , then y¯ ∈ ∂M∩Bδy0 (y0). Let r(t) be
the normalized geodesic connecting y and y¯ such that r(0) = y¯ and r(s) = y. Then
dr
dt
|t=0 = − ∂∂ν |y¯, that is y = E(y¯, s). Therefore y ∈ E
(
(∂M ∩ Bδy0 (y0)) × [0, δy0)
)
,
and B δy0
2
(y0) ⊂ E
(
(∂M ∩Bδy0 (y0))× [0, δy0)
)
. Recall E is a smooth diffeomorphism
in (∂M ∩Bδy0 (y0))× [0, δy0) and y¯ ∈ ∂M ∩Bδy0 (y0). Thus y¯ is uniquely determined
by y. The Proposition 4.1 has been proved. ♣
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By the Proposition 4.1, ∂
∂ν
= −dE
dt
is a smooth unit vector field in B δy0
2
(y0).
Moreover, in B δy0
2
(y0), the parameter t in E(y, t) is the distance parameter to the
boundary of M , which can be derived more precisely as in establishing (19). Let
{yj}n−1j=1 be the geodesic normal coordinates w.r.t. the metric g|∂M at y0. Then
{yj}n−1j=1 is smooth and well-defined in ∂M ∩Bδy0 (y0). For any y ∈ B δy0
2
(y0), there is
a unique y¯ ∈ ∂M such that d(y, y¯) = d(y, ∂M). By the Proposition 4.1, y¯ ∈ ∂M ∩
Bδy0 (y0). Let (y1, · · · , yn−1) be the geodesic normal coordinates of y¯ w.r.t. the metric
g|∂M at y0. Define (y1, · · · , yn−1, yn) as the coordinates of y with yn = d(y, ∂M).
Such coordinates are well-defined and smooth in B δy0
2
(y0). The reason is that y¯ is
uniquely determined and y¯ ∈ ∂M∩Bδy0 (y0), which implies that y = E(y¯, yn). Hence
the map from y to (y¯, yn) is the inverse of the smooth diffeomorphism E, therefore is
also a smooth diffeomorphism, that is to say (y1, · · · , yn) is well-defined and smooth
in B δy0
2
(y0). We call such coordinates the tubular neighborhood normal coordinates
of y at y0. Observe that g(
∂
∂yi
, ∂
∂yj
) = δij for 1 ≤ i, j ≤ n− 1 at y0. Moreover, such
coordinates has the following proposition.
Proposition 4.2 For 1 ≤ j ≤ n− 1,
∂
∂yn
= − ∂
∂ν
, g(
∂
∂yj
,
∂
∂yn
) = 0, in B δy0
8
(y0).
Proof of the Proposition 4.2 For any y ∈ B δy0
8
(y0) with (a1, · · · , an) as its tubular
neighborhood normal coordinates at y0. Let y¯ ∈ ∂M ∩Bδy0 (y0) be the unique point
such that d(y, y¯) = an <
δy0
8
. Clearly y¯ ∈ B δy0
4
(y0) since
d(y, z) ≥ d(z, y0)− d(y, y0) > δy0
4
− δy0
8
=
δy0
8
for any z ∈ ∂M \B δy0
4
(y0).
Let r(t) = E(y¯, t). Then r is smooth and well-defined for t ∈ [0, δy0). For
t ∈ [0, δy0
8
), by
d(r(t), y0) ≤ d(r(t), y¯) + d(y¯, y0) < δy0
8
+
δy0
4
<
δy0
2
,
there exists a unique y˜ ∈ ∂M such that
d(r(t), y˜) = d(r(t), ∂M) =: dt ≤ d(r(t), y¯) ≤ t.
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By the Proposition 4.1, y˜ ∈ Bδy0 (y0)∩ ∂M and E(y˜, dt) = r(t) = E(y¯, t). There-
fore y˜ = y¯ and dt = t since E is a smooth diffeomorphism on (∂M∩Bδy0 (y0))×[0, δy0).
From which, we know that (a1, · · · , an−1, t) is the tubular neighborhood normal co-
ordinates of r(t) at y0 for t ∈ [0, δy08 ). Hence, for t ∈ [0,
δy0
8
),
∂
∂yn
|r(t) = dr
dt
|t = dE
dt
|(y¯,t) = − ∂
∂ν
|E(y¯,t) = − ∂
∂ν
|r(t).
In particular,
∂
∂yn
|y = ∂
∂yn
|r(an) = −
∂
∂ν
|r(an) = −
∂
∂ν
|y.
To prove the second statement in the proposition, we consider the set
S := {z ∈ B δy0
8
(y0)| d(z, ∂M) = an}.
Clearly, y ∈ S 6= ∅. For any z ∈ S, let r(t) = E(z¯, t) for some z¯ ∈ B δy0
4
(y0)∩∂M
such that r(0) = z¯ and r(an) = z. As derived earlier, d(r(t), ∂M) = t for any
t ∈ [0, δy0
8
), which implies that r([0,
δy0
8
)) intersects S at a single point z = r(an).
Moreover, we claim that
d(r(t),S) = t− an, ∀ t ∈ [an, δy0
8
). (19)
Notice that , for t ∈ [an, δy08 ), d(r(t),S) ≤ d(r(t), r(an)) ≤ t − an. If (19) does
not hold, then d(r(t),S) < t− an, which implies that there exists some z˜ ∈ S such
that d(r(t), z˜) < t− an. Therefore
t = d(r(t), ∂M) ≤ d(r(t), z˜) + d(z˜, ∂M) < t− an + an = t,
which is a contradiction. Next, we claim
d(r(t),S) = an − t, ∀ t ∈ [0, an). (20)
If not, then d(r(t),S) < an− t since d(r(t),S) ≤ d(r(t), r(an)) ≤ an− t, so there
exists some zˆ ∈ S such that d(r(t), zˆ) < an − t, which implies that
an = d(zˆ, ∂M) ≤ d(r(t), zˆ) + d(r(t), ∂M) < an − t + t = an,
which is a contradiction.
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By (19) and (20), we know r(an) is a point in S such that d(r(an), r(t)) =
d(r(t),S) for t ∈ [0, δy0
8
), and r is the normalized geodesic connecting r(t) and r(an),
so dr
dt
|an = dEdt |(z¯,an) is the unit normal vector of S at r(an) = z, i.e., ∂∂yn = − ∂∂ν = dEdt
is the unit normal vector of S at r(an) = z. Let (b1, · · · , bn−1, an) be the tubular
neighborhood normal coordinates of z at y0. Observe that, for 1 ≤ k ≤ n− 1, since
z is an interior point of B δy0
8
(y0), the curve
{(y1, · · · , yk, · · · , yn) = (b1, · · · , bk−1, yk, bk+1, · · · , an)} for yk near bk
is contained in S, which implies that { ∂
∂yk
|z} ∈ TzS. Hence g( ∂∂yk , ∂∂yn ) = 0 at z for
1 ≤ k ≤ n − 1 since ∂
∂yn
= − ∂
∂ν
is the normal vector of S at z. z ∈ S is arbitrary
and y ∈ S, so, at y, we also have
g(
∂
∂yk
,
∂
∂yn
) = 0 for 1 ≤ k ≤ n− 1.
The Proposition 4.2 has been proved. ♣
As a simple consequence, we have g( ∂
∂yi
, ∂
∂yj
) = δij at y0 for 1 ≤ i, j ≤ n.
Proposition 4.3
{(y1, · · · , yn)|
√
y21 + · · ·+ y2n <
δy0
16
, yn ≥ 0} ⊂ B δy0
8
(y0),
where (y1, · · · , yn) is the tubular neighborhood normal coordinates at y0.
Proof of the Proposition 4.3 For any (y1, · · · , yn) with
√
y21 + · · ·+ y2n < δy016
and yn ≥ 0, there exists a unique y¯ ∈ B δy0
16
(y0) such that (y1, · · · , yn−1) is the
geodesic normal coordinates of y¯ w.r.t. the metric g|∂M at y0. Consider r(t) =
E(y¯, t). Then r(t) is smooth for t ∈ [0, δy0
16
) and r([0,
δy0
16
)) ⊂ B δy0
8
(y0). Moreover
d(r(t), ∂M) = t for t ∈ [0, δy0
16
) as shown earlier. In particular, by yn <
δy0
16
, y =
E(y¯, yn) has (y1, · · · , yn) as its tubular neighborhood normal coordinates at y0. The
Proposition 4.3 has been proved. ♣
Denote BTδy0
16
(y0) := {(y1, · · · , yn)|
√
y21 + · · ·+ y2n < δy016 , yn ≥ 0}, which is
different from the geodesic ball B δy0
16
(y0). The Proposition 4.3 says that B
T
δy0
16
(y0) ⊂
B δy0
8
(y0). Since ∪y0∈∂MBTδy0
64
(y0) = ∂M and ∂M is compact, we can find {yi}Ni=1 ⊂
∂M such that ∪Ni=1
(
BTδ
yi
64
(yi) ∩ ∂M
)
= ∂M .
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5 Gradient estimates
Lemma 5.1 Under the same assumptions as in Theorem 1.2, for t < 1, let v be
a C3 solution of the equation (12). Then there exists a universal constant C > 0
depending only on (Mn, g, t), (f,Γ), φ, and ψ, such that
|∇v|g ≤ C on ∂M.
Proof of the Lemma 5.1. Extend hg to a smooth function onM , and ψ to a C
3,α0
function onM . More explanation is given in section 7. We still denote the extended
functions by ψ, hg respectively. For each 1 ≤ i0 ≤ N , Let {yj}nj=1 be the tubular
neighborhood normal coordinates at yi0. Let ρ = ρ(y21+ · · ·+y2n) be a smooth cut-off
function satisfying
ρ(y) =
{ 1 , if y ∈ BTδyi032 (y
i0)
∈ [0, 1] , if y ∈ BTδ
yi0
16
(yi0) \BTδ
yi0
32
(yi0)
0 , otherwise,
and let β(y) be a smooth function in BTδ
yi0
16
(yi0) satisfying
β(y) = { yn, if yn < δ0,∈ [0, 2δ0], o.w.,
where 0 < δ0 <
δ
yi0
32
is a very small constant such that 1 + 2δ0ψe
v > 1
2
on M and to
be chosen later. Then in BTδ
yi0
16
(yi0) ∩ ∂M ,
β ≡ 0, βν ≡ −1. (21)
Let
γ := (ψev − hg)β,
In the following, we use subindices to denote the covariant derivatives w.r.t. ∂
∂yj
,
e.g.,
(v + γ)k =
(
∇(v + γ)
)
(
∂
∂yk
), (v + γ)kν =
(
∇2(v + γ)
)
(
∂
∂yk
,
∂
∂ν
).
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Consider
G := ρ
∑
k
(v + γ)2kα(
v + γ + L
L2
),
where L > 0 is a constant satisfying 1 < v + γ + L < 2L and α : R+ → R+ is a
smooth positive function to be chosen later.
Notice that ∂
∂ν
= − ∂
∂yn
in BTδ
yi0
16
(yi0) and
BTδ
yi0
16
(yi0) ∩ ∂M = {y ∈ BTδ
yi0
16
(yi0)| yn = 0 and
√
y21 + · · · y2n−1 <
δyi0
16
}.
Hence in BTδ
yi0
16
(yi0) ∩ ∂M ,
ρν = − ∂ρ
∂yn
|yn=0 = 0. (22)
Claim 5.1 In BTδ
yi0
16
(yi0) ∩ ∂M , Gν ≡ 0.
Proof of the Claim 5.1. In BTδ
yi0
16
(yi0) ∩ ∂M , by (21) and the second equation in
(12),
(v + γ)ν = vν + ((ψe
v − hg)β)ν = (ψev − hg) + (ψev − hg)νβ + (ψev − hg)βν
= (ψev − hg)− (ψev − hg) = 0
(23)
Therefore in BTδ
yi0
16
(yi0) ∩ ∂M ,
(v + γ)k,ν = −(v + γ)k,n = −(v + γ)n,k = (v + γ)ν,k = 0, ∀ 1 ≤ k ≤ n− 1, (24)
where in the last equality, we used the fact that ∂
∂yk
is a tangent vector field of
BTδ
yi0
16
(yi0) ∩ ∂M .
In BTδ
yi0
16
(yi0) ∩ ∂M , by (22) and (23),
Gν = 2ρα(
v+γ+L
L2
)
n∑
k=1
(v + γ)k(v + γ)k,ν
= 2ρα(v+γ+L
L2
)(v + γ)n(v + γ)n,ν by 24)
= 2ρα(v+γ+L
L2
)(v + γ)ν(v + γ)ν,ν = 0.
Claim 5.1 has been proved. ♣.
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Let G(x0) = max
BT
δ
yi0
16
(yi0 )
G for some x0 ∈ BTδ
yi0
16
(yi0). W.l.o.g., G(x0) ≥ 1. By the
Claim 5.1, we have
∇G(x0) = 0, ∇2G(x0) ≤ 0.
In BTδ
yi0
16
(yi0)
Gi = ρiα
∑
k
(v + γ)2k + 2ρα(v + γ)k,i(v + γ)k +
ρα′
L2
(v + γ)i
∑
k
(v + γ)2k
= 2ρα(v + γ)k,i(v + γ)k +
(
ρi
ρ
+ α
′
L2α
(v + γ)i
)
G,
so at x0,
(v + γ)k(v + γ)k,i = − α
′
2L2α
∑
k
(v + γ)2k(v + γ)i −
ρi
2ρ
∑
k
(v + γ)2k, (25)
and
Gij(x0) = 2ρα(v + γ)k,i(v + γ)k,j + 2ρα(v + γ)k(v + γ)k,ij
+
(
α(ρρij−2ρiρj)
ρ
+ ρ(αα
′′−2(α′)2)
L4α
(v + γ)i(v + γ)j +
α′ρ
L2
(v + γ)ij
− α′
L2
(ρj(v + γ)i + ρi(v + γ)j)
)∑
k
(v + γ)2k
Let F (A¯) = f(λ(A¯)) for any symmetric matrix A¯ with λ(A¯) ∈ Γ. Let {ei}ni=1
be an orthonormal basis of TxM . Denote W¯ := W
v
g − Atg. Let W¯ (ei, ej) = w¯ij
and let F ij = ∂F
∂w¯ij
. (8) implies (F ij) > 0. Denote L¯ij := F irgrj + 1−t
n−2(
n∑
i=1
F ll)gij.
At x0, assume ei = a
j
i
∂
∂yj
. Then g(ei, ej) = δij is to say that A
TA = G−1, where
A = (aji ), G−1 = (gij)−1, and gij = g( ∂∂yi , ∂∂yj ). Denote B = (F ij) and D = (Gij).
By (∇2G(ei, ej)) ≤ 0, we have ∑
i
∇2G(ei, ei) = gijGij(x0) ≤ 0 and
0 ≥ F ij∇2G(ei, ej)(x0) = F ijariasjGrs = tr(BATDA) = tr(BATAD)
= tr(BG−1D) = F irgrjGij,
i.e., we have L¯ijGij(x0) ≤ 0.
In the following, we use C1 > 0 to denote a universal constant depending only
on (Mn, g, t), φ, ψ, δyi0 , L, α, and we use C2 > 0 to denote a universal constant
depending only on (Mn, g, t), φ, ψ, δyi0 , L, δ0, α, β. We also use O1(1) to denote a
quantity bounded by C1, and O2(1) to denote a quantity bounded by C2. Observe
that 1
C1
(δij) ≤ G−1 ≤ C1(δij) in BTδ
yi0
16
(yi0). We will use this fact without mentioning.
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At x0,
0 ≥ L¯ijGij = 2ραL¯ij(v + γ)k,i(v + γ)k,j + 2ραL¯ij(v + γ)k(v + γ)k,ij
+L¯ij
(
α(ρρij−2ρiρj)
ρ
+ ρ(αα
′′−2(α′)2)
L4α
(v + γ)i(v + γ)j
+α
′ρ
L2
(v + γ)ij − α′L2 (ρj(v + γ)i + ρi(v + γ)j)
)∑
k
(v + γ)2k
≥ 2ραL¯ij(v + γ)k,i(v + γ)k,j + 2ραL¯ij(v + γ)k(v + γ)k,ij
+ρ(αα
′′−2(α′)2)
L4α
∑
k
(v + γ)2kL¯
ij(v + γ)i(v + γ)j
+α
′ρ
L2
∑
k
(v + γ)2kL¯
ij(v + γ)ij − C1√ρ∑
k,l
F ll|(v + γ)k|3 − C1∑
k,l
F ll(v + γ)2k
≥ 2ραL¯ij(v + γ)k,i(v + γ)k,j + 2ραL¯ij(v + γ)k(v + γ)k,ij
+ρ(αα
′′−2(α′)2)
L4α
∑
k
(v + γ)2kL¯
ij(v + γ)i(v + γ)j
+α
′ρ
L2
∑
k
(v + γ)2kL¯
ij(v + γ)ij − C1√ρ∑
k,l
F ll|(v + γ)k|3,
(26)
where in the last inequality, we used G(x0) ≥ 1, therefore √ρ∑
k
|(v + γ)k| ≥ 1C1 .
In general,
(v + γ)ij,k =
∂
∂yk
(
(v + γ)i,j − Γlji(v + γ)l
)
= (v + γ)i,j,k − Γlji(v + γ)l,k −
∂Γl
ji
∂yk
(v + γ)l,
so
(v + γ)k,ij = (∇ ∂
∂yj
∇ ∂
∂yi
− Γlji ∂∂yl )((v + γ)k)
= (v + γ)k,i,j − Γlji(v + γ)k,l
= (v + γ)ij,k +
∂Γl
ji
∂yk
(v + γ)l,
and
0 ≥ L¯ijGij(x0)
≥ 2ραL¯ij(v + γ)k,i(v + γ)k,j + 2ραL¯ij(v + γ)k(v + γ)ij,k
+ρ(αα
′′−2(α′)2)
L4α
∑
k
(v + γ)2kL¯
ij(v + γ)i(v + γ)j
+α
′ρ
L2
∑
k
(v + γ)2kL¯
ij(v + γ)ij − C1√ρ∑
k,l
F ll|(v + γ)k|3.
(27)
Recall that γ = (ψev − hg)β. At x0,
(v + γ)k = (1 + ψβe
v)vk + e
vβψk + ψe
vβk − (hgβ)k
= avk +O2(1) with a := 1 + ψβe
v.
(28)
∑
k
(v + γ)2k = a
2∑
k
v2k +O2(1)
∑
k
|vk|. (29)
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(v + γ)ij = avij + e
vβ(viψj + ψivj) + e
vψ(viβj + vjβi) + e
v(ψiβj + ψjβi)
+evψβvivj + e
vβψij + e
vψβij − (hgβ)ij
= avij + O2(1)
∑
k
|vk|+O1(1)β∑
k
v2k.
(30)
The above identity (30) also holds for (v + γ)i,j after a slight modification, i.e.,
we only need to change vij , ψij, βij , (hgβ)ij to vi,j , ψi,j, βi,j, (hgβ)i,j respectively.
(v + γ)ij,k = avij,k + e
v(ψkβ + ψβk)vij + e
vψβvkvij + e
vψβ(vjvi,k + vivj,k)
+
(
ev(ψβj + ψjβ)vi,k + e
v(ψβi + ψiβ)vj,k
)
+ evψβvivjvk
+ev
(
ψviβj,k + ψiβj,k + ψjβi,k + ψvjβi,k + ψkβij + ψvkβij + ψβij,k
)
+evβ
(
viψj,k + ψjvivk + ψkvivj + ψij,k + ψijvk + ψi,kvj + ψivjvk
)
ev
(
ψjviβk + ψkviβj + ψvivkβj + ψvivjβk + ψijβk + ψivjβk
ψi,kβj + ψivkβj + ψj,kβi + ψjvkβi + ψkvjβi + ψvjvkβi
)
− (hgβ)ij,k
= avij,k + e
v(ψkβ + ψβk)vij + e
vψβvkvij + e
vψβvivjvk
+
(
ev(ψβj + ψjβ + ψβvj)vi,k + e
v(ψβi + ψiβ + ψβvi)vj,k
)
+O2(1)
∑
k
v2k.
(31)
By (25) and (28-30), at x0,
(v + γ)k
(
avk,i +O2(1)
∑
l
|vl|+O1(1)β∑
l
v2l
)
= − α′
2L2α
(
a2
∑
l
v2l +O2(1)
∑
l
|vl|
)
(avi +O2(1))
− ρi
2ρ
(
a2
∑
l
v2l +O2(1)
∑
l
|vl|
)
,
therefore
a(v + γ)kvk,i + (avk +O2(1))
(
O2(1)
∑
l
|vl|+O1(1)β∑
l
v2l
)
= − α′
2L2α
a3
∑
l
v2l vi +O2(1)
1√
ρ
∑
l
v2l ,
which implies that
(v + γ)kvk,i = − α
′
2L2α
a2
∑
l
v2l vi +O1(1)β
∑
l
|vl|3 +O2(1) 1√
ρ
∑
l
v2l , (32)
where we used a = 1 + ψβev ∈ [1
2
, 1].
Combine (28-32). At x0,
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2αρ(v + γ)kL¯
ij(v + γ)ij,k ≥
2αaρ(v + γ)kL¯
ijvij,k + 2αρe
v(vk + γk)(ψkβ + ψβk + ψβvk)L¯
ijvij
+4αρevL¯ij(ψβj + ψjβ)(vk + γk)vi,k + 4αρe
vψβL¯ijvj(vk + γk)vi,k
+2αρevψβ(vk + γk)L¯
ijvivjvk − C2ρ
∑
k,l
F ll|vk|3
≥ 2αaρ(v + γ)kL¯ijvij,k + 2αρev(v + γ)k(ψkβ + ψβk + ψβvk)L¯ijvij
+4αρevL¯ij(ψβj + ψjβ)
(
− α
′
2L2α
a2
∑
l
v2l vi +O1(1)β
∑
l
|vl|3
+O2(1)
∑
l
v2l
)
+4αρevψβL¯ijvj
(
− α
′
2L2α
a2
∑
l
v2l vi +O1(1)β
∑
l
|vl|3 +O2(1)
∑
l
v2l
)
+2αρevψβ(avk +O2(1))L¯
ijvivjvk − C2
∑
k,l
F ll|vk|3
≥ 2αaρ(v + γ)kL¯ijvij,k + 2αρev(v + γ)k(ψkβ + ψβk + ψβvk)L¯ijvij
−C1βρ
∑
k,l
F llv4k − C2ρ
∑
k,l
F ll|vk|3,
(33)
Recall the Laplace-Beltrami operator ∆g =
1√
|g|
∂
∂yk
(
√
|g|gkm ∂
∂ym
), where |g| =
det(gkm).
∆gv = g
kmvm,k +
1√
|g|
(
√
|g|gkm)kvm = gkmvmk + gkmΓlkmvl +
1√
|g|
(
√
|g|gkm)kvm.
Since f is homogeneous of degree 1, the equation F (W¯ijg
jr) = φe2v implies that
φe2v = F irgjr
(
vij +
1−t
n−2(∆gv)gij +
2−t
2
|∇v|2ggij − vivj − (Atg)ij
)
= F irgjrvij +
1−t
n−2(∆gv)
∑
l
F ll + 2−t
2
|∇v|2g
∑
l
F ll − F irgjrvivj − F irgjr(Atg)ij
= F irgjrvij +
1−t
n−2
(
gkmvkm + g
kmΓrkmvr +
1√
|g|(
√
|g|gkm)kvm)
)∑
l
F ll
+2−t
2
vkvlg
kl∑
l
F ll − F irgjrvivj − F irgjr(Atg)ij
= L¯ijvij +
1−t
n−2g
kmΓrkmvr
∑
l
F ll + 1−t
n−2
1√
|g|(
√
|g|gkm)kvm∑
l
F ll
+2−t
2
vkvlg
kl∑
l
F ll − F irgjrvivj − F irgjr(Atg)ij,
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that is,
L¯ijvij = F
irgjrvivj − 2− t
2
vkvlg
kl
∑
l
F ll +O1(1)
∑
k,l
F ll|vk|.
From which, we have
α′ρ
L2
∑
k
(v + γ)2kL¯
ij(v + γ)ij
=
α′ρ
L2
(
a2
∑
k
v2k +O2(1)
∑
k
|vk|
)
L¯ij
(
avij +O2(1)
∑
k
|vk|
+O1(1)β
∑
k
v2k
)
by (29) and (30)
≥ aα
′ρ
L2
(
a2
∑
k
v2k +O2(1)
∑
k
|vk|
)
L¯ijvij
−C1βρ
∑
k,l
F llv4k − C2ρ
∑
k,l
F ll|vk|3
≥ aα
′ρ
L2
(
a2
∑
k
v2k +O2(1)
∑
k
|vk|
)(
F irgjrvivj − 2− t
2
vkvlg
kl
∑
i
F ii
+O1(1)
∑
k,l
F ll|vk|
)
− C1βρ
∑
k,l
F llv4k − C2ρ
∑
k,l
F ll|vk|3
≥ a
3α′ρ
L2
∑
k
v2kF
irgjrvivj − (2− t)a
3α′ρ
2L2
vkvlg
kl
∑
i,j
F iiv2j − C1βρ
∑
k,l
F llv4k
−C2ρ
∑
k,l
F ll|vk|3
(34)
and
2αρev(v + γ)k(ψkβ + ψβk + ψβvk)L¯
ijvij ≥ −C1βρ
∑
k,l
F llv4k − C2ρ
∑
k,l
F ll|vk|3.
which implies, by (33), that
2αρ(v + γ)kL¯
ij(v + γ)ij,k ≥ 2αaρ(v + γ)kL¯ijvij,k
−C1βρ∑
k,l
F llv4k − C2ρ
∑
k,l
F ll|vk|3, (35)
Differentiate the equation F (W¯ijg
jr) = φe2v along the yk − th direction and
evaluate at x0.
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φke
2v + 2ψe2vvk = F
ir
(
gjrW¯ij
)
k
= F irgjr(W¯ij)k +
∂gjr
∂yk
F irW¯ij
= F irgjr
(
vij,k +
1−t
n−2(∆gv)kgij +
1−t
n−2
∂gij
∂yk
(∆gv) +
2−t
2
(2vm,kvlg
ml
+vmvl
∂gml
∂yk
)gij +
2−t
2
vmvlg
ml ∂gij
∂yk
− 2vi,kvj − (Atg)ij,k
)
+∂g
jr
∂yk
F ir
(
vij +
1−t
n−2(∆gv)gij +
2−t
2
|∇v|2ggij − vivj − (Atg)ij
)
= F irgjrvij,k +
1−t
n−2(∆gv)k
∑
l
F ll + 1−t
n−2F
irgjr
∂gij
∂yk
(∆gv)
+(2− t)vm,kvlgml∑
i
F ii − 2F irgjrvi,kvj + ∂gjr∂yk F ir
(
vij
+ 1−t
n−2(∆gv)gij
)
+O1(1)
∑
i,j
F iiv2j
= F irgjrvij,k +
1−t
n−2
(
glmvlm + g
lmΓrlmvr +
1√
|g|(
√
|g|glm)lvm
)
k
∑
i
F ii
+ 1−t
n−2F
irgjr ∂gij
∂yk
(
glmvlm + g
lmΓrlmvr +
1√
|g|(
√
|g|glm)lvm
)
+(2− t)vm,kvlgml∑
i
F ii − 2F irgjrvi,kvj
+∂g
jr
∂yk
F ir
(
vij +
1−t
n−2(g
lmvlm + g
lmΓrlmvr +
1√
|g|(
√
|g|glm)lvm)gij
)
+O1(1)
∑
i,j
F iiv2j
= F irgjrvij,k +
1−t
n−2g
lmvlm,k
∑
i
F ii + (2− t)vm,kvlgml∑
i
F ii
−2F irgjrvi,kvj +O1(1) ∑
i,j,l
F ii|vjl|+O1(1)∑
i,j
F ii(v2j + 1)
= L¯ijvij,k + (2− t)vm,kvlgml∑
i
F ii − 2F irgjrvi,kvj
+O1(1)
∑
i,j,l
F ii|vj,l + Γrljvr|+O1(1)
∑
i,j
F iiv2j
= L¯ijvij,k + (2− t)vm,kvlgml∑
i
F ii − 2F irgjrvi,kvj
+O1(1)
∑
i,j,l
F ii|vj,l|+O1(1)∑
i,j
F iiv2j .
Multiply both sides by 2αaρ(v + γ)k and solve it for 2αaρ(v + γ)kL¯
ijvij,k.
2αaρ(v + γ)kL¯
ijvij,k
= −2(2− t)αaρ(v + γ)kvm,kvlgml
∑
i
F ii + 4αaρ(v + γ)kvi,kF
irgjrvj
+O1(1)ρ
∑
i,j,k,l
F ii|vj,l||(v + γ)k|+O1(1)ρ
∑
i,j,k
F iiv2j |(v + γ)k|
= −2(2− t)αaρ
(
− α
′
2L2α
a2
∑
j
v2j vm +O1(1)β
∑
j
|vj|3
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+O2(1)
1√
ρ
∑
j
v2j
)
vlg
ml
∑
i
F ii + 4αaρ
(
− α
′
2L2α
a2
∑
l
v2l vi
+O1(1)β
∑
l
|vl|3 +O2(1) 1√
ρ
∑
l
v2l
)
F irgjrvj by (32)
+O1(1)ρ
∑
i,j,k,l
F ii|vj,l||vk|+O2(1)√ρ
∑
i,j
F ii|vj|3
≥ (2− t)a
3α′ρ
L2
∑
i,j
F iiv2j vmvlg
ml − 2a
3ρα′
L2
∑
l
v2l F
irgjrvivj
−C1βρ
∑
i,j
F iiv4j − C1ρ
∑
i,j,k,l
F ii|vj,l||vk| − C2√ρ
∑
i,j
F ii|vj |3.
Substitute the above inequality into (35).
2α(v + γ)kL¯
ij(v + γ)ij,k
≥ (2−t)a3α′ρ
L2
∑
i,j
F iiv2j vmvlg
ml − 2a3ρα′
L2
∑
l
v2l F
irgjrvivj
−C1βρ∑
i,j
F iiv4j − C1ρ
∑
i,j,k,l
F ii|vj,l||vk| − C2√ρ∑
i,j
F ii|vj|3.
(36)
By (28) and (29),
ρ(αα′′−2(α′)2)
L4α
∑
k
(v + γ)2kL¯
ij(v + γ)i(v + γ)j − C1√ρ∑
k,l
F ll|(v + γ)k|3
≥ ρ(αα′′−2(α′)2)
L4α
(
a2v2k +O2(1)|vk|
)
L¯ij(avi + O2(1))(avj +O2(1))
−C1√ρ∑
k,l
F ll
(
a3|vk|3 +O2(1)v2k
)
≥ α′′α−2(α′)2
L4α
ρa4
∑
k
v2kL¯
ijvivj − C2√ρ∑
k,l
F ll|vk|3,
(37)
and
2ραL¯ij(v + γ)k,i(v + γ)k,j
= 2ραL¯ij
(
avk,i +O1(1)β
∑
l
v2l +O2(1)
∑
l
|vl|
)(
avk,j
+O1(1)β
∑
l
v2l +O2(1)
∑
l
|vl|
)
≥ 2a2αρL¯ijvk,ivk,j − C1βρ ∑
i,j,k,l
F iiv2j |vk,l| − C2ρ
∑
i,j,k,l
F ii|vj||vk,l|
−C1βρ∑
i,j
F iiv4j − C2ρ
∑
i,j
F ii|vj |3.
(38)
Substitute (34), (36), (37), and (38) into (27). We have,
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0 ≥ L¯ijGij(x0) ≥ (2−t)a3α′ρ2L2
∑
i,j
F iiv2j vmvlg
ml − a3ρα′
L2
∑
l
v2l F
irgjrvivj
+α
′′α−2(α′)2
L4α
ρa4
∑
k
v2kL¯
ijvivj + 2a
2αρL¯ijvk,ivk,j − C1βρ∑
i,j
F iiv4j
−C1βρ ∑
i,j,k,l
F iiv2j |vk,l| − C2ρ
∑
i,j,k,l
F ii|vj,l||vk| − C2√ρ∑
i,j
F ii|vj |3.
Recall a = 1 + ψβev. We can replace it by 1 + O1(1)β. Meanwhile we replace
L¯ij by F irgrj + 1−t
n−2(
∑
l
F ll)gij in the above inequality. We have,
0 ≥ L¯ijGij(x0) ≥ (2− t)α
′ρ
2L2
∑
i,j
F iiv2j vmvlg
ml − ρα
′
L2
∑
l
v2l F
irgjrvivj
+
ρ(α′′α− 2(α′)2)
L4α
∑
k
v2k
(
F irgrj +
1− t
n− 2(
∑
l
F ll)gij
)
vivj
+2a2αρ
(
F irgrj +
1− t
n− 2(
∑
l
F ll)gij
)
vk,ivk,j − C1βρ
∑
i,j
F iiv4j
−C1βρ
∑
i,j,k,l
F iiv2j |vk,l| − C2ρ
∑
i,j,k,l
F ii|vj,l||vk| − C2√ρ
∑
i,j
F ii|vj |3
≥ ρ
((2− t)α′
2L2
+
(1− t)(αα′′ − 2(α′)2)
(n− 2)L4α
)∑
i,j
F iiv2j vmvlg
ml
+ρ
(α′′α− 2(α′)2
L4α
− α
′
L2
)∑
l
v2l F
irgjrvivj
+
2(1− t)a2αρ
n− 2 (
∑
l
F ll)(
1
C1
δij)vk,ivk,j − C1βρ
∑
i,j
F iiv4j
−C1βρ
∑
i,j,k,l
F iiv2j |vk,l| − C2ρ
∑
i,j,k,l
F ii|vj,l||vk| − C2√ρ
∑
i,j
F ii|vj |3
≥ ρ
((2− t)α′
2L2
+
(1− t)(αα′′ − 2(α′)2)
(n− 2)L4α
)∑
i,j
F iiv2j vmvlg
ml
+ρ
(α′′α− 2(α′)2
L4α
− α
′
L2
)∑
l
v2l F
irgjrvivj
+
(1− t)a2αρ
(n− 2)C1 (
∑
l
F ll)v2k,i − C1βρ
∑
i,j
F iiv4j − C2
√
ρ
∑
i,j
F ii|vj|3
≥ ρ
((2− t)α′
2L2
+
(1− t)(αα′′ − 2(α′)2)
(n− 2)L4α
)∑
i,j
F iiv2j vmvlg
ml
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+ρ
(α′′α− 2(α′)2
L4α
− α
′
L2
)∑
l
v2l F
irgjrvivj
−C1βρ
∑
i,j
F iiv4j − C2
√
ρ
∑
i,j
F ii|vj|3.
(39)
It is enough to find a smooth function α : [ 1
L2
, 2
L
]→ R+ satisfying
{ α
′ > 0
αα′′ − 2(α′)2 − L2αα′ > 0. (40)
since the above inequalities imply that
α′′α− 2(α′)2
L4α
− α
′
L2
=
1
L4α
(αα′′ − 2(α′)2 − L2αα′) > 0,
and
αα′′ − 2(α′)2 > L2αα′ > 0,
and
(2−t)α′
2L2
+ 1−t
n−2
α′′α−2(α′)2
L4α
> 0,
i.e., the coefficients of the two leading terms in the inequality (39) are both positive,
which will lead the preferred gradient bound.
Let α = eη. The two inequalities in (40) are equivalent to
{ η
′ > 0
η′′ − (η′)2 − L2η′ > 0.
To find α, let η(s) = sr with r ≫ 1 being chosen later. Clearly, η′ > 0 and
η′′ − (η′)2 − L2η′ = rsr−2
(
(r − 1)− rsr − L2s
)
≥ rsr−2
(
(r − 1)− r( 2
L
)r − L2( 2
L
)
)
= rsr−2
(
(r − 1)− r( 2
L
)r − 2L
)
≥ rsr−2
(
(r − 1)− r
2
− 2L
)
by choosing L > 4
= rsr−2
(r
2
− 1− 2L
)
≥ rsr−2 > 0 by choosing r > 4 + 4L.
Pick L > |v + γ| + 4 and r > 4 + 4L. Then we have v+γ+L
L2
∈ [ 1
L2
, 2
L
] and there
exists a universal constant C3 > 0 independent of β such that (40) holds. By (39),
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0 ≥ L¯ijGij(x0) ≥ C3ρ ∑
i,j,k,l
v2l F
kk( 1
C1
δij)vivj − C1βρ∑
i,j
F iiv4j − C2√ρ
∑
i,j
F ii|vj |3
≥ C3ρ∑
k,l
v4l F
kk − C1βρ∑
i,j
F iiv4j − C2√ρ
∑
i,j
F ii|vj|3
≥ C3
2
ρ
∑
k,l
v2l F
kk − C2√ρ∑
i,j
F ii|vj|3,
where in the last inequality, we used β ∈ [0, 2δ0], therefore we can pick δ0 ≪ 1 such
that C1β ≤ C32 .
We conclude that
0 ≥ C3
2
ρ
∑
k,l
v4l F
kk − C2∑
i,j
F jj|vi|3 ≥ C3ρ∑
k
F kk(
∑
l
v2l )
2 − C2∑
j
F jj(
∑
i
v2i )
3
2
= ρ
∑
k,l
F kkv2l
(
C3
∑
i
v2i − C2
∑
i
v2i )
1
2
)
,
which implies that
∑
i
v2i ≤ C, therefore G(x0) ≤ C. In particular
∑
i
v2i ≤ C in
BTδ
yi0
32
(yi0). From which, we have, in BTδ
yi0
32
(yi0),
|∇v|2g = vkvlgkl ≤ C
∑
k
v2k ≤ C.
By ∪Ni0=1
(
BTδ
yi0
64
(yi0)∩ ∂M
)
= ∂M , |∇v|2g ≤ C on ∂M . The Lemma 5.1 has been
established. ♣
Remark 5.1 When the manifold (Mn, g) is umbilic on the boundary, the above
lemma and therefore the next lemma also hold for t = 1. The above proof still works
after a slight modification.
Lemma 5.2 Under the same assumptions as in Theorem 1.2, for t < 1, let v be
a C3 solution of the equation (12). Then there exists a universal constant C > 0
depending only on (Mn, g, t), (f,Γ), φ, and ψ, such that
|∇v|g ≤ C on M.
Proof of the Lemma 5.2. Consider
G¯ := |∇v|2gα¯(
v + L
L2
),
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where L > 0 is a constant satisfying 1 < v + L < 2L and α : R+ → R+ is a
smooth positive function to be chosen later. Let G¯(x0) = max
M
G. Let {xj}nj=1 be a
geodesic normal coordinates w.r.t. the metric g at x0. W.l.o.g., we can assume x0
is an interior point of M . In the following, subindices are taken w.r.t. ∂
∂xj
. Repeat
the arguments in the proof of the Lemma 5.1. We arrive at
0 ≥ L¯ijG¯ij(x0) ≥
(
(2−t)α′
2L2
+ (1−t)(αα
′′−2(α′)2)
(n−2)L4α
)
|∇v|4g
∑
i
F ii
+
(
α′′α−2(α′)2
L4α
− α′
L2
)
|∇v|2gF ijvivj − C|∇v|3g
∑
i
F ii.
Choose the same α as in the proof of the Lemma 5.1. We conclude that there
exists some universal constant C3 > 0 such that
0 ≥ L¯ijG¯ij(x0) ≥ C3|∇v|4g
∑
i
F ii − C|∇v|3g
∑
i
F ii
≥ |∇v|3g
∑
i
F ii(C3|∇v|g − C),
which implies that |∇v|g(x0) ≤ C and therefore G(x0) ≤ C. The Lemma 5.2 has
been proved. ♣
6 Hessian Estimates
The main issue of the Hessian estimates is to bound the Hessian of the solutions
on the boundary of M .
Lemma 6.1 Under the same assumptions as in Theorem 1.2, for t < 1, let v be
a C4 solution of the equation (12). For any 1 ≤ i0 ≤ N , there exists a universal
constant C > 0 depending only on (Mn, g, t), (f,Γ), φ, ψ, and δyi0 such that in
BTδ
yi0
32
(yi0),
|vττ | < C, for any unit direction ∂∂τ satisfying g(
∂
∂τ
,
∂
∂ν
) = 0.
Proof of the Lemma 6.1. Consider
H¯(y) := ρeβ0yn
(
{ max
τ ∈ TyM, ‖τ‖g = 1,
g( ∂
∂ν
, ∂
∂τ
) = 0
(∇2v + a|∇(v + γ)|2gg)(τ, τ)} − s0vν(y)
)
,
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where (y1, · · · , yn) is the tubular neighborhood normal coordinates of y ∈ BTδ
yi0
16
(yi0)
at yi0, γ, ρ are the same as in the proof of Lemma 5.1, and a > 0, β0 > 0, s0 > 0
are constants to be chosen later.
Let H¯(x0) = max
BT
δ
yi0
16
(yi0 )
H¯ for some x0 ∈ BTδ
yi0
16
(yi0).
Claim 6.1 Either H¯(x0) < C or x0 is an interior point of B
T
δ
yi0
16
(yi0) by choosing
β0, s0 ≫ 1.
Proof of the Claim 6.1. If not, we assume H(x0) ≥ 1 and x0 ∈ BTδ
yi0
16
(yi0) ∩
∂M . Let {x¯1, · · · x¯n} be a tubular neighborhood normal coordinates at x0. Then
{x¯1, · · · , x¯n} is well-defined and smooth near x0. Meanwhile, yn = x¯n near x0 since
they both represent the distance parameter to the boundary ∂M , which is to say ∂
∂ν
has the same definition near x0. Recall that g(
∂
∂x¯i
, ∂
∂x¯j
) = δij at x0. W.l.o.g., we can
assume H¯(x0) := ρe
β0yn(v11 + a|∇(v + γ)|2g − s0vν)(x0), where and in the following
subindices denote the covariant derivatives w.r.t. ∂
∂x¯i
. Let
H(x) := ρeβ0yn(
v11
g11
+ a|∇(v + γ)|2g − s0vν).
By g( ∂
∂x¯k
, ∂
∂ν
) = 0 near x0, we know x0 is a local minimum point of H . Moreover
∂
∂x¯n
= − ∂
∂ν
near x0 implies that
(|∇(v + γ)|2g)ν(x0) =
(
(v + γ)k(v + γ)lg
kl
)
ν
= 2(v + γ)k(v + γ)k,ν + (v + γ)k(v + γ)lg
kl
ν
= −2(v + γ)k(v + γ)k,n + (v + γ)k(v + γ)lgklν
= −2(v + γ)k ∂
2(v + γ)
∂x¯n∂x¯k
+ (v + γ)k(v + γ)lg
kl
ν
= −2(v + γ)k ∂
2(v + γ)
∂x¯k∂x¯n
+ (v + γ)k(v + γ)lg
kl
ν
= −2(v + γ)k(v + γ)n,k + (v + γ)k(v + γ)lgklν
= 2(v + γ)k(v + γ)ν,k + (v + γ)k(v + γ)lg
kl
ν .
Since (v + γ)ν |∂M = 0 by (23), we have (v + γ)ν,k(x0) = 0 for k ≤ n − 1, which
implies that
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n∑
k=1
(v + γ)k(v + γ)ν,k(x0) = (v + γ)n(v + γ)ν,n = −(v + γ)ν(v + γ)ν,n = 0.
Thus (|∇(v + γ)|2g)ν(x0) = (v + γ)k(v + γ)lgklν . By (22), yn = 0 at x0, and
∂yn
∂ν
= −∂yn
∂yn
= −1 in BTδ
yi0
16
(yi0),
0 ≤ Hν(x0) =
(
v11,ν + a(v + γ)k(v + γ)lg
kl
ν − v11g11,ν − s0vν,ν
)
ρeβ0yn
−β0(v11 + a|∇(v + γ)|2g − s0vν)ρeβ0yn
= ρ
(
v11,ν − β0(v11 + a|∇(v + γ)|2g − s0vν)− v11g11,ν
−s0vn,n + a(v + γ)k(v + γ)lgklν
) (41)
We need to interchange v11,ν to
∂2(vν)
∂x¯1∂x¯1
in the above equation so that we can use
the boundary condition. Recall {x¯1, · · · , x¯n−1} is the geodesic normal coordinates
w.r.t. the metric g|∂M at x0. Then ∇¯
∂
∂x¯l
∂
∂x¯k
(x0) = 0 for 1 ≤ k, l ≤ n − 1, where ∇¯ is
the covariant derivative of ∂M induced by g|∂M . For 1 ≤ k, l ≤ n− 1,
Γikl(x0)
∂
∂x¯i
= ∇
∂
∂x¯l
∂
∂x¯k
(x0) = ∇¯
∂
∂x¯l
∂
∂x¯k
(x0) + II(
∂
∂x¯k
, ∂
∂x¯l
)(x0)
∂
∂ν
= −II( ∂
∂x¯k
, ∂
∂x¯l
)(x0)
∂
∂x¯n
.
Comparing both sides of the above equation, we have, at x0,
Γikl = 0 for 1 ≤ i, k, l ≤ n− 1, Γnkl = −II(
∂
∂x¯k
,
∂
∂x¯l
). (42)
Hence at x0,
v11,ν = −v11,n = − ∂∂x¯n ( ∂
2v
∂x¯1∂x¯1
− Γl11vl)
= − ∂3v
∂x¯n∂x¯1∂x¯1
+ ∂
∂x¯n
(Γl11)vl + Γ
l
11vl,n
= − ∂3v
∂x¯n∂x¯1∂x¯1
+ ∂
∂x¯n
(Γl11)vl + Γ
n
11vn,n by (42)
= − ∂3v
∂x¯1∂x¯1∂x¯n
+ ∂
∂x¯n
(Γl11)vl + Γ
n
11vn,n
= ∂
2(vν )
∂x¯1∂x¯1
+ ∂
∂x¯n
(Γl11)vl + Γ
n
11vn,n
= ∂
2(ψev−hg)
∂x¯1∂x¯1
+ ∂
∂x¯n
(Γl11)vl + Γ
n
11vn,n
= evψ ∂
2v
∂x¯1∂x¯1
+ evψv21 + 2e
vψ1v1 + e
v ∂2ψ
∂x¯1∂x¯1
+ ∂
2hg
∂x¯1∂x¯1
+ ∂
∂x¯n
(Γl11)vl + Γ
n
11vn,n,
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where in the second to last equality, we used the fact that ∂
∂x¯1
is a tangent vector
field of ∂M near x0, so we can replace vν by e
vψ − hg.
In the following, we use C > 0 to denote a universal constant independent of β0.
Substitute the above equation into the inequality (41).
0 ≤ Hν(x0) = ρ
(
evψ
∂2v
∂x¯1∂x¯1
− β0(v11 + a|∇(v + γ)|2g − s0vν)
−v11g11,ν − (s0 − Γn11)vn,n + C
)
= ρ
(
evψv11 + e
vψΓl11vl − β0(v11 + a|∇(v + γ)|2g − s0vν)
−v11g11,ν − (s0 − Γn11)vn,n + C
)
≤ ρ
(
(evψ − β0 − g11,ν)(v11 + a|∇(v + γ)|2g − s0vν)
−(s0 − Γn11)vn,n + C
)
.
(43)
Since ∂
∂ν
is the tangent vector of geodesic curves, we have ∇
∂
∂ν
∂
∂ν
= 0 near x0. In
particular, we have
vn,n(x0) = vν,ν(x0) = vνν + (∇
∂
∂ν
∂
∂ν
)v = vνν = vnn(x0).
Recall Γn11 = −II( ∂∂x¯1 , ∂∂x¯1 ) by (42). We can pick s0 ≫ 1 such that s02 is bigger
than the largest absolute value of the principle curvatures of the second fundamental
form on ∂M . Then we have 3s0
2
≥ s0 − Γn11 ≥ s02 > 0 at x0. By Γ ⊂ Γ1, we have
(1 +
(1− t)n
n− 2 )∆gv + (
(2− t)n
2
− 1)|∇v|2g −
(2− t)n− 2
2(n− 1)(n− 2)Rg > 0,
which implies that ∆gv(x0) ≥ −C. W.l.o.g., we assume v11(x0) > 1 and vkk(x0) ≤
Cv11(x0) for 1 ≤ k ≤ n− 1. Then
−vn,n(x0) = −vnn(x0) ≤ C +
n−1∑
k=1
vkk(x0) ≤ Cv11(x0),
and
−(s0 − Γn11)vn,n(x0) ≤ C(s0 − Γn11)v11 ≤
3Cs0
2
v11 ≤ Cs0v11.
Substitute the above inequality into (43).
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0 ≤ Hν(x0)
≤ ρ
(
(evψ − β0 − g11,ν)(v11 + a|∇(v + γ)|2g − s0vν) + Cs0v11 + C
)
≤ ρ
(
(evψ + Cs0 − g11,ν − β0)(v11 + a|∇(v + γ)|2g − s0vν) + C
)
≤ ρ
(
(C − β0)(v11 + a|∇(v + γ)|2g − s0vν) + C
)
≤ ρ
(
− (v11 + a|∇(v + γ)|2g − s0vν) + C
)
by choosing β0 > C + 1,
which implies that
(
v11 + a|∇(v + γ)|2g − s0vν
)
(x0) < C and H(x0) < C. The
Claim 6.1 has been proved. ♣.
Due to the above claim, we assume x0 is an interior point of B
T
δ
yi0
16
(yi0). To
continue the proof of the Lemma 6.1, we need to introduce a new coordinates near
x0. Let d0 = d(x0, ∂M), and let S0 := {y ∈ BTδ
yi0
16
(yi0)| yn = d0}. As shown in
the proof of the Proposition 4.2, ∂
∂ν
is still the unit normal vector field of S0. For
any x ∈ BTδ
yi0
16
(yi0) but near x0 with (y1, · · · , yn) as its tubular neighborhood normal
coordinates of x at yi0, then
√
n∑
j=1
y2j <
δ
yi0
16
. We conclude that there exists a unique
x˜ ∈ S0 such that d(x, x˜) = d(x,S0). In fact for such x, let x¯ = (y1, · · · , yn−1, 0).
Then x¯ is the unique point on ∂M such that d(x¯, x) = d(x, ∂M) = yn. Consider
r(t) = E(x¯, t). Then r(t) is smooth and well defined for t ∈ [0, δyi0 ), r(yn) = x, and√√√√n−1∑
j=1
y2j + (max{d0, yn})2 <
δyi0
16
as long as x is close to x0 enough since x is an interior point of B
T
δ
yi0
16
(yi0). Moreover
for t ∈ [0,max{d0, yn}], the tubular neighborhood normal coordinates of r(t) at
yi0 is (y1, · · · , yn−1, t), which implies that the curve r([0,max{d0, yn}]) ⊂ BTδ
yi0
16
(yi0),
therefore intersects with S0 at a unique point r(d0). As shown in the proof of the
Proposition 4.2, i.e., by (19) and (20), d(r(t),S0) = |t − d0| for t ∈ [0, δyi02 ). In
particular,
d(x,S0) = d(r(yn),S0) = d(r(yn), r(d0)) = |yn − d0|. (44)
Next, we want to show that there exists only one point x˜ ∈ S0 such that d(x, x˜) =
d(x,S0). This is because if (a1, · · · , an) is the tubular neighborhood normal coordi-
nates of x˜ at yi0, then xˆ := (a1, · · · , an−1, 0) ∈ BTδ
yi0
16
(yi0)∩∂M ⊂ B δ
yi0
8
(yi0)∩∂M by
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the Proposition 4.3. Thus rˆ(t) := E(xˆ, t) is smooth and well-defined for t ∈ [0, δyi0 )
and rˆ(an) = x˜. Let r˜(t) be the shortest normalized geodesic connecting x with x˜.
Then r˜ has ∂
∂ν
as its tangent vector at x˜. Since ∂
∂ν
is also the tangent vector of
rˆ at rˆ(an) = x˜, we know r˜ and rˆ coincide. Hence rˆ(yn) = x, which implies that
E(xˆ, yn) = x = E(x¯, yn), and xˆ = x¯ since E is a diffeomorphism in Bδ
yi0
(yi0). There-
fore x˜ = r(d0) is uniquely determined by x. Clearly r(d0) ∈ S0 is near x0 as long as x
is near x0. Let {x1, · · · , xn−1} be the geodesic normal coordinates w.r.t. the metric
g|S0 at x0. Then {x1, · · · , xn−1} is smooth and well-defined near x0 in S0. For any
x ∈ BTδ
yi0
16
(yi0) and near x0, there exists a unique x˜ ∈ S0 such that d(x˜, x) = d(x,S0).
We assume x is close enough to x0 such that the geodesic normal coordinates of x˜
w.r.t. the metric g|S0 at x0 is smooth and well-defined. Let (x1, · · · , xn−1) be such
geodesic normal coordinates of x˜ w.r.t. the metric g|S0 at x0. Define (x1, · · · , xn) to
be the new coordinates of x such that xn = yn − d0. Then {xj}nj=1 is smooth and
well-defined for x near x0, and d(x,S0) = |yn − d0| = |xn| by (44). As shown in the
proof of the Proposition 4.2, for x near x0 and for 1 ≤ k ≤ n− 1,
∂
∂xn
=
∂
∂yn
= − ∂
∂ν
, g(
∂
∂xk
,
∂
∂xn
) = 0. (45)
Let II0 denote the second fundamental form of g w.r.t.
∂
∂ν
on S0 and let ∇˜ be the
Levi-Civita connection induced by g|S0. Recall on S0, {xj}n−1j=1 is the geodesic normal
coordinates w.r.t. the metric g|S0 at x0. Therefore glm(x0) := g( ∂∂xl , ∂∂xm )(x0) = δlm
for 1 ≤ l, m ≤ n, and ∇˜
∂
∂xj
∂
∂xi
(x0) = 0 for 1 ≤ i, j ≤ n− 1, which implies that
∇
∂
∂xj
∂
∂xi
(x0) = ∇˜
∂
∂xj
∂
∂xi
+ II0(
∂
∂xi
,
∂
∂xj
)
∂
∂ν
= II0(
∂
∂xi
,
∂
∂xj
)
∂
∂ν
.
Thus for 1 ≤ i, j, k ≤ n− 1,
∂
∂xk
gij(x0) = g(∇
∂
∂xi
∂
∂xk
, ∂
∂xj
) + g( ∂
∂xi
,∇
∂
∂xj
∂
∂xk
)
= g(II0(
∂
∂xk
, ∂
∂xi
) ∂
∂ν
, ∂
∂xj
) + g( ∂
∂xi
, II0(
∂
∂xk
, ∂
∂xj
) ∂
∂ν
)
= 0 by (45).
(46)
Also by (45), we have, for 1 ≤ i ≤ n− 1, gin = 0 near x0, which implies that
∂
∂xk
gin(x0) =
∂
∂xk
gni(x0) = 0 for 1 ≤ k ≤ n. (47)
Notice that ∂
∂xn
= − ∂
∂ν
is a unit vector field. Therefore gnn ≡ 1 near x0, and for
1 ≤ k ≤ n,
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∂
∂xk
gnn(x0) = 0. (48)
Combine (46)-(48). We have
∂
∂xk
gij(x0) = 0 for 1 ≤ i, j ≤ n and 1 ≤ k ≤ n− 1. (49)
Recall G = (gij). GG−1 = In×n implies that ∂G−1∂xk = −G−1 ∂G∂xkG−1. For 1 ≤ k ≤
n− 1,
∂
∂xk
gij(x0) = −gir
(
∂
∂xk
grs
)
gsj = 0. (50)
In the following, subindices denote the covariant derivatives w.r.t. ∂
∂xi
. Notice
that gij(x0) = δij. W.l.o.g., we assume
H¯(x0) = ρe
β0d0
(
v11 + a|∇(v + γ)|2g − s0vν
)
,
and v1,1(x0)≫ 1.
Let
H˜ = ρeβ0(xn+d0)
(v11
g11
+ a|∇(v + γ)|2g − s0vν
)
.
By (45), x0 is a local maximum point of H˜. Near x0,
H˜i = ρe
β0(xn+d0)
(
v11,i
g11
− v11
g2
11
g11,i + 2ag
kl(v + γ)k(v + γ)l,i
+agkl,i (v + γ)k(v + γ)l − s0vν,i
)
+ (ρi
ρ
+ δniβ0)H.
At x0,
v11,i − g11,iv11 + 2a(vk + γk)(vk,i + γk,i) + agkl,i (vk + γk)(vl + γl)
−s0vν,i = −(ρiρ + δniβ0)(v11 + a|∇(v + γ)|2g − s0vν),
(51)
and
H˜ij(x0) =
ρeβ0d0
(
v11,ij − g11,jv11,i − g11,iv11,j + 2g11,ig11,jv11 − g11,ijv11
+2a(vk,i + γk,i)(vk,j + γk,j) + 2a(vk + γk)(vk,ij + γk,ij)
+2agkl,j (vk + γk)(vl,i + γl,i) + 2ag
kl
,i (vk + γk)(vl,j + γl,j)
+agkl,ij(vk + γk)(vl + γl)− s0vν,ij
)
+β0δnjρe
β0d0
(
v11,i − g11,iv11 + 2a(vk + γk)(vk,i + γk,i)
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+agkl,i (vk + γk)(vl + γl)− s0vν,i
)
+ρje
β0d0
(
v11,i − g11,iv11 + 2a(vk + γk)(vk,i + γk,i)
+agkl,i (vk + γk)(vl + γl)− s0vν,i
)
+(
ρijρ− ρiρj
ρ
)(v11 + a|∇(v + γ)|2g − s0vν)eβ0d0 ,
so by (51),
ρ−1e−β0d0H˜ij(x0) =(
v11,ij − g11,jv11,i − g11,jv11,i + 2g11,ig11,jv11 − g11,ijv11
+2a(vk,i + γk,i)(vk,j + γk,j) + 2a(vk + γk)(vk,ij + γk,ij)
+2agkl,j (vk + γk)(vl,i + γl,i) + 2ag
kl
,i (vk + γk)(vl,j + γl,j)
+agkl,ij(vk + γk)(vl + γl)− s0vν,ij
)
+
(
ρijρ−2ρiρj
ρ2
− β0(ρiδnj+ρjδni)
ρ
− β20δniδnj
)
(v11 + a|∇(v + γ)|2g − s0vν),
Recall in the proof of the Claim 6.1, the choice of β0 depends on a. We need to
prove the choice of a is independent of β0. For this reason, we let C1 denote the uni-
versal constant depending only on (Mn, g, t), (f,Γ), φ, ψ and δyi0 , but independent
of a, β0, and let C2 denote the universal constant depending on (M
n, g, t), (f,Γ), φ,
ψ, δyi0 , and a, β0.
Notice that gij(x0) = δij and L¯
ij(x0) = F
ij + 1−t
n−2(
∑
l
F ll)δij.
0 ≥ ρ−1e−β0d0L¯ijH˜ij(x0)
≥ L¯ij
(
v11,ij − 2g11,jv11,i + 2a(vk,j + γk,j)(vk,i + γk,i)
+2a(vk + γk)(vk,ij + γk,ij)− s0vν,ij
)
− C2ρ−1∑
l
F ll|vk,i|,
(52)
where we used |∇ρ| < C1√ρ, |∇2ρ| < C1, and v1,1(x0) ≥ 1.
By (51),
v11,i(x0) = −2a(vk + γk)(vk,i + γk,i)− agkl,i (vk + γk)(vl + γl)− s0vν,i
+g11,iv11 − (ρiρ + δniβ0)(v11 + a|∇(v + γ)|2g − s0vν),
(53)
Substitute the above into (52). Since vν,i = −vn,i and v11 = v1,1 − Γl11vl,
0 ≥ ρ−1e−β0d0L¯ijH˜ij(x0)
≥ L¯ij
(
v11,ij + 2a(vk,j + γk,j)(vk,i + γk,i)
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+2a(vk + γk)(vk,ij + γk,ij)− s0vν,ij
)
− C2ρ−1
∑
l
F ll|vk,i|
≥ L¯ij
(
v11,ij + 2a(1 + ψβe
v)2vk,jvk,i + 2a(1 + ψβe
v)(vk + γk)vk,ij
−s0vν,ij
)
− C2ρ−1
∑
l
F ll|vk,i|
(54)
At x0,
vij,l =
∂
∂xl
(∇2v( ∂
∂xi
, ∂
∂xj
)) = ∂
∂xl
( ∂
2v
∂xj∂xi
− Γkjivk)
= ∂
3v
∂xl∂xj∂xi
− Γkjivk,l −
∂(Γkji)
∂xl
vk,
so
vl,ij = (∇2vl)( ∂∂xi , ∂∂xj ) = (∇ ∂∂xj∇ ∂∂xi − Γ
k
ji
∂
∂xk
)(vl)
= ∂
3v
∂xj∂xi∂xl
− Γkjivl,k
= vij,l +
∂(Γkji)
∂xl
vk,
(55)
and
vij,11 = (∇2vij)( ∂∂x1 , ∂∂x1 ) = (∇ ∂∂x1∇ ∂∂x1 − Γ
l
11
∂
∂xl
)vij
= ∂
2
∂x1∂x1
( ∂
2v
∂xj∂xi
− Γljivl)− Γl11vij,l
= ∂
4v
∂x1∂x1∂xj∂xi
− Γljivl,1,1 − 2
∂(Γl
ji
)
∂x1
vl,1 − ∂
2(Γl
ij
)
∂x1∂x1
vl − Γl11vij,l
= ∂
4v
∂x1∂x1∂xj∂xi
− Γlji(v11 + Γk11vk)l − 2
∂(Γl
ji
)
∂x1
vl,1
−∂2(Γlij)
∂x1∂x1
vl − Γl11(vi,j − Γkjivk)l
= ∂
4v
∂x1∂x1∂xj∂xi
− Γljiv11,l − ΓljiΓk11vk,l − ∂Γ
k
11
∂xl
Γljivk
−2∂(Γlji)
∂x1
vl,1 − ∂
2(Γl
ij
)
∂x1∂x1
vl − Γl11vi,j,l − Γl11Γkjivk,l −
∂Γk
ji
∂xl
Γl11vk,
therefore
v11,ij = (
∂2
∂xj∂xi
− Γkji ∂∂xk )(v11) =
∂2(v11)
∂xj∂xi
− Γkjiv11,k
= ∂
2
∂xj∂xi
( ∂
2v
∂x1∂x1
− Γl11vl)− Γkjiv11,k
= ∂
4v
∂xj∂xi∂x1∂x1
− Γl11vl,i,j − ∂(Γ
l
11
)
∂xj
vl,i − ∂(Γ
l
11
)
∂xi
vl,j
−∂2(Γl11)
∂xj∂xi
vl − Γkjiv11,k
= vij,11 + Γ
l
jiΓ
k
11vk,l +
∂Γk
11
∂xl
Γljivk + 2
∂(Γl
ji
)
∂x1
vl,1 +
∂2(Γl
ij
)
∂x1∂x1
vl
+Γl11Γ
k
jivk,l +
∂Γk
ji
∂xl
Γl11vk − ∂(Γ
l
11
)
∂xj
vl,i − ∂(Γ
l
11
)
∂xi
vl,j − ∂
2(Γl
11
)
∂xj∂xi
vl
(56)
Substitute (55) and (56) into (52). At x0,
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0 ≥ ρ−1e−β0d0L¯ijH˜ij(x0)
≥ L¯ij
(
vij,11 + 2a(1 + ψβe
v)2vk,jvk,i + 2a(1 + ψβe
v)(vk + γk)vij,k
−s0vij,ν
)
− C2ρ−1∑
l
F ll|vk,i|
(57)
Differentiate the equation F (W¯ijg
jr) = φe2v along the xl−th direction.
(φe2v)l = F
ir
(
gjrW¯ij,l + W¯ijg
jr
,l
)
= F irgjr(vij,l +
1−t
n−2(∆gv)lgij) + F
irgjr
(
1−t
n−2(∆gv)gij,l
+(2− t)vmvk,lgkmgij + 2−t2 vkvmgkm,l gij + 2−t2 |∇v|2ggij,l
−vi,lvj − vj,lvi − (Atg)ij,l
)
+ F irgjrl W¯ij ,
which implies that, at x0, by gij = δij
|F ijvij,l + 1− t
n− 2(∆gv)l
∑
i
F ii| ≤ C1
∑
i,j,r
F rr|vi,j|, (58)
where we used |∆gv|(x0) = |∑
k
vkk| ≤ C1 ∑
k,m
|vk,m| and
|W¯ij(x0)| = |vij + 1−tn−2(∆gv)gij + 2−t2 |∇v|2ggij − vivj − (Atg)ij |
≤ C1 ∑
k,m
|vk,m|.
Recall the Laplace-Beltrami operator ∆g =
1√
|g|
∂
∂xk
(
√
|g|gkm ∂
∂xm
).
(∆gv)l =
(
1√
|g|
∂
∂xk
(
√
|g|gkmvm)
)
l
=
(
1√
|g|(
√
|g|gkm)vm,k + 1√|g|(
√
|g|gkm)kvm
)
l
= gkmvm,k,l + g
km
,l vm,k +
(
1√
|g|(
√
|g|gkm)k
)
l
vm +
1√
|g|(
√
|g|gkm)kvm,l
= gkm(vmk + Γ
s
kmvs)l + g
km
,l vm,k +
(
1√
|g|(
√
|g|gkm)k
)
l
vm
+ 1√|g|(
√
|g|gkm)kvm,l
= gkmvmk,l + g
kmΓskmvs,l + g
km∂Γ
s
km
∂xl
vs + g
km
,l vm,k
+
(
1√
|g|(
√
|g|gkm)k
)
l
vm +
1√
|g|(
√
|g|gkm)kvm,l.
Substitute the above identity into (58). At x0,
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C1
∑
i,j,r
F rr|vi,j| ≥ |F ijvij,l + 1−tn−2gkmvmk,l
∑
i
F ii|
= |F ijvij,l + 1−tn−2
∑
i,k
F iivkk,l|
= |L¯ijvij,l|
(59)
Differentiate the equation F (W¯ilg
lj) = φe2v along the x1−th direction twice and
evaluate it at x0.
F ij(W¯ilg
lj)11 + F
ij,rs(W¯ilg
lj)1(W¯rkg
ks)1 = e
2v(φ11 + 4φv
2
1 + 4φ1v1 + 2φv11)
≥ e2v(φ11 + 4φv21 + 4φ1v1)
since we have already assumed v1,1(x0)≫ 1.
By the concavity of f in Γ, we have F ij,rs(W¯ilg
lj)1(W¯rkg
ks)1 < 0, and
−C1 ≤ F ij(W¯ilglj)11(x0)
= F ij
(
W¯ij,11 + 2W¯il,1g
lj
,1 + W¯ijg
lj
,11
)
= F ij
(
W¯ij,11 + W¯ijg
lj
,11
)
by (50)
≤ F ijW¯ij,11 + C1 ∑
i,j,k
F ii|vj,k|
= F ij
(
vij,11 +
1−t
n−2(∆gv)11δij +
2(1−t)
n−2 (∆gv)1gij,1 +
1−t
n−2(∆gv)gij,11
+(2− t)v2k,1δij + (2− t)vkvk,11δij + 2(2− t)vkvl,1gkl,1δij
+2−t
2
vkvlg
kl
,11δij +
2−t
2
|∇v|2ggij,11 − 2vi,1vj,1 − 2vivj,11 − (Atg)ij,11
)
+C1
∑
i,j,k
F ii|vj,k|
= F ij
(
vij,11 +
1−t
n−2(∆gv)11δij +
1−t
n−2(∆gv)gij,11 + (2− t)v2k,1δij
+(2− t)vkvk,11δij + 2−t2 vkvlgkl,11δij + 2−t2 |∇v|2ggij,11 − 2vi,1vj,1
−2vivj,11 − (Atg)ij,11
)
+ C1
∑
i,j,k
F ii|vj,k|, by (49) and (50).
Thus at x0,
−C1 ∑
i,j,k
F ii|vj,k| ≤ F ij
(
vij,11 +
1−t
n−2(∆gv)11δij + (2− t)vkvk,11δij
−2vivj,11 + (2− t)v2k,1δij − 2vi,1vj,1
)
≤ F ij
(
vij,11 +
1−t
n−2(∆gv)11δij + (2− t)vkv11,kδij
−2viv11,j + (2− t)v2k,1δij − 2vi,1vj,1
)
+C1
∑
i,j,k
F ii|vj,k| by (55)
≤ F ij
(
vij,11 +
1−t
n−2(∆gv)11δij + (2− t)v2k,1δij − 2vi,1vj,1
)
+C2
1√
ρ
∑
i,j,k
F ii|vj,k| by (53)
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i.e., at x0
F ij
(
vij,11 +
1−t
n−2(∆gv)11δij
)
≥ −(2− t)∑
k,i
F iiv2k,1 + 2F
ijvi,1vj,1
−C2 1√ρ
∑
i,j,k
F ii|vj,k| ≥ −C1 ∑
i,j,k
F iiv2j,k − C2 1√ρ
∑
i,j,k
F ii|vj,k| (60)
For the term (∆gv)11 in the above inequality, we need to replace it by
∑
k
vkk,11.
For this reason, recall ∆g =
1√
|g|
∂
∂xk
(
√
|g|gkm ∂
∂xm
),
(∆gv)11(x0) =
( 1√
|g|
∂
∂xk
(
√
|g|gkmvm)
)
11
=
(
gkmvm,k +
1√
|g|
(
√
|g|gkm)kvm
)
11
=
(
gkm(vmk + Γ
l
kmvl) +
1√
|g|
(
√
|g|gkm)kvm
)
11
=
(
gkmvmk + g
kmΓlkmvl +
1√
|g|
(
√
|g|gkm)kvm
)
11
= gkmvmk,11 + 2g
km
,1 vmk,1 + g
km
,11 vmk + g
kmΓlkmvl,11
+2(gkmΓlkm)1vl,1 + (g
kmΓlkm)11vl +
1√
|g|
(
√
|g|gkm)kvm,11
+2(
1√
|g|
(
√
|g|gkm)k)1vm,1 + ( 1√|g|(
√
|g|gkm)k)11vm
= vkk,11 + g
km
,11 vmk + Γ
l
kkvl,11 + 2(g
kmΓlkm)1vl,1
+(gkmΓlkm)11vl + (
√
|g|gkm)kvm,11 + 2( 1√|g|(
√
|g|gkm)k)1vm,1
+(
1√
|g|
(
√
|g|gkm)k)11vm by (50).
Plug the above equation into (60). At x0,
−C1
∑
i,j,k
F iiv2j,k − C2
1√
ρ
∑
i,j,k
F ii|vj,k| ≤
40
F ij
(
vij,11 +
1− t
n− 2vkk,11δij +
1− t
n− 2Γ
l
kkvl,11δij
+
1− t
n− 2(
√
|g|gkm)kvm,11δij
)
+ C1
∑
i,j,k
F ii|vj,k|
≤ F ij
(
vij,11 +
1− t
n− 2vkk,11δij +
1− t
n− 2Γ
l
kkv11,lδij
+
1− t
n− 2(
√
|g|gkm)kv11,mδij
)
+ C1
∑
i,j,k
F ii|vj,k| by (55)
≤ F ij
(
vij,11 +
1− t
n− 2vkk,11δij
)
+ C2
1√
ρ
∑
i,j,k
F ii|vj,k| by (53)
= L¯ijvij,11 + C2
1√
ρ
∑
i,j,k
F ii|vj,k|,
that is,
L¯ijvij,11(x0) ≥ −C1 ∑
i,j,k
F iiv2j,k − C2 1√ρ
∑
i,j,k
F ii|vj,k| (61)
Substitute (59) and (61) into (57). Notice that vij,ν = −vij,n and 1+ψβev ∈ [12 , 1].
At x0,
0 ≥ 2a(1 + ψβev)2L¯ijvk,jvk,i − C2ρ−1 ∑
l,k,i
F ll|vk,i| − C1 ∑
l,k,i
F llv2k,i
≥ a
2
L¯ijvk,jvk,i − C2ρ−1 ∑
l,k,i
F ll|vk,i| − C1 ∑
l,k,i
F llv2k,i
≥ a(1−t)
2(n−2)
∑
l
F llv2k,i − C2ρ−1
∑
l,k,i
F ll|vk,i| − C1 ∑
l,k,i
F llv2k,i
≥ ∑
l,k,i
F llv2k,i − C2ρ−1
∑
l,k,i
F ll|vk,i| by taking a > 2(n−2)(C1+1)(1−t) .
Multiply the above inequality by ρ2. At x0,
0 ≥ ∑
l,k,i
F ll
(
(ρvk,i)
2 − C2ρ|vk,i|
)
,
which implies that (ρ|v1,1|)(x0) < C2, therefore H(x0) < C2. Lemma 6.1 has been
established. ♣.
Remark 6.1 As a consequence of the Lemma 6.1, ∀ y ∈ BTδ
yi0
32
(yi0), let (e1, · · · , en)
be an orthonormal basis of TyM with en =
∂
∂ν
, and let subindices denote the covariant
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derivatives w.r.t. ej. By Γ ⊂ Γ1, we have ∆gv(y) > −C, which implies that
vνν(y) > −C, and for 1 ≤ k ≤ n− 1,
vkk(y) = ∆gv − ∑
l 6=k,n
vll − vnn ≥ −C − vnn = −C − vνν .
If vνν(y) ≥ 0, then vνν + C ≥ C > vkk(y) > −C − vνν implies that |vkk(y)| ≤
C + vνν(y) for 1 ≤ k ≤ n − 1. If vνν(y) < 0, then C > vkk(y) > −C − vνν > −C
implies that |vkk(y)| ≤ C ≤ C+vνν(y) for 1 ≤ k ≤ n−1 since vνν(y) ≥ −C. Hence,
for any two vectors X, Y ∈ TyM with g(X, ∂∂ν ) = g(Y, ∂∂ν ) = 0,
|∇2gv(X, Y )|(y) = |12(∇2gv(X + Y,X + Y )−∇2gv(X,X)−∇2gv(Y, Y ))|
≤ 1
2
(|∇2gv(X + Y,X + Y )|+ |∇2gv(X,X)|+ |∇2gv(Y, Y )|
≤ 1
2
(|X + Y |2g + |X|2g + |Y |2g)(vνν + C)
≤ 3
2
(|X|2g + |Y |2g)(vνν + C) ≤ 2(|X|2g + |Y |2g)(vνν + C)
≤ (|X|2g + |Y |2g)(2vνν + C).
(62)
Lemma 6.2 Under the same assumptions as in Theorem 1.2, for t < 1, let v be
a C4 solution of the equation (12). Then there exists a universal constant C > 0
depending only on (Mn, g, t), (f,Γ), φ, ψ, δyi0 such that in B
T
δ
yi0
64
(yi0) ∩ ∂M ,
vνν < C.
Proof of the Lemma 6.2. Let {y1, · · · , yn} be the tubular neighborhood normal
coordinates of y ∈ BTδ
yi0
32
(yi0) at yi0. Let {e1, · · · , en} be a smooth orthonormal frame
of TM in BTδ
yi0
32
(yi0) with en =
∂
∂ν
. In fact, we can obtain such frame by moving an
orthonormal basis of Tyi0 (∂M) parallelly along the geodesic of (∂M, g|∂M) to get an
orthonormal frame of T (∂M) in BTδ
yi0
32
(yi0), then moving such frame parallelly along
the geodesic r(t) = E( ∂
∂ν
, t). In this way, we can get smooth orthonormal vector
fields {ej}n−1j=1 in BTδ
yi0
32
(yi0) with g(ej,
∂
∂ν
) = 0, and {ej}nj=1 with en = ∂∂ν will be an
orthonormal frame of TM in BTδ
yi0
32
(yi0).
Observe ∂
∂ν
is the unit tangent vector of the geodesic. We have
∇
∂
∂ν
∂
∂ν
= 0 in BTδ
yi0
32
(yi0). (63)
42
In the following, subindices denote the covariant derivatives w.r.t. {e1, · · · , en}.
Differentiate the equation F (W¯ij) = φe
2v along the normal direction en,
F ij
(
vij,ν+
1− t
n− 2(∆v)νδij+(2−t)vkvk,νδij−2vivj,ν−(A
t
g)ij,ν
)
= e2v(φν+2φvν) (64)
We need to interchange vij,ν to vν,ij . For this reason, let ei = a
j
i
∂
∂yj
. Then
aji ∈ C∞(BTδ
yi0
32
(yi0)), and
g(ei, ej) = δij ⇐⇒ aki gklalj = δij . (65)
Notice en =
∂
∂ν
= − ∂
∂yn
and g(ei, en) = δin. We have
akn = −δkn, ani = −δni . (66)
In BTδ
yi0
32
(yi0),
vi,ν = − ∂∂yn (ari ∂v∂yr ) = −ari ∂
2v
∂yn∂yr
− ∂ari
∂yn
∂v
∂yr
. (67)
vν,ij = (∇2vν)(ei, ej) = ariasj(∇2vν)( ∂∂yr , ∂∂ys )
= aria
s
j(
∂2
∂ys∂yr
− Γlsr ∂∂yl )(− ∂v∂yn )
= −ariasj ∂
3v
∂ys∂yr∂yn
+ aria
s
jΓ
l
sr
∂2v
∂yl∂yn
,
so
vij,ν =
∂
∂ν
(
∇2v(ei, ej)
)
= − ∂
∂yn
(
aria
s
j∇2v( ∂∂yr , ∂∂ys )
)
= −ariasj ∂∂yn
(
∇2v( ∂
∂yr
, ∂
∂ys
)
)
− ∂(ari asj)
∂yn
(
∇2v( ∂
∂yr
, ∂
∂ys
)
)
= −ariasj ∂∂yn
(
∂2v
∂ys∂yr
− Γlsr ∂v∂yl
)
− ∂(ari asj )
∂yn
(
∂2v
∂ys∂yr
− Γlsr ∂v∂yl
)
= −ariasj ∂
3v
∂yn∂ys∂yr
+ aria
s
jΓ
l
sr
∂2v
∂yn∂yl
+ aria
s
j
∂v
∂yl
∂Γlsr
∂yn
−∂(ari asj)
∂yn
∂2v
∂ys∂yr
+
∂(ar
i
as
j
)
∂yn
Γlsr
∂v
∂yl
= vν,ij + a
r
ia
s
j
∂v
∂yl
∂Γlsr
∂yn
− ∂(ari asj )
∂yn
∂2v
∂ys∂yr
+
∂(ar
i
as
j
)
∂yn
Γlsr
∂v
∂yl
:= vν,ij + Ω
rs
ij
∂2v
∂yr∂ys
+Θlij
∂v
∂yl
,
(68)
where
Ωrsij = −
∂(ar
i
as
j
)
∂yn
, and Θlij = a
r
ia
s
j
∂Γlsr
∂yn
+
∂(ar
i
as
j
)
∂yn
Γlsr,
depend only on (Mn, g), and are smooth and bounded in BTδ
yi0
32
(yi0).
In particular,
43
(∆v)ν = ∆(vν) + Ω
rs
kk
∂2v
∂yr∂ys
+Θlkk
∂v
∂yl
. (69)
Substitute (67), (68), and (69) into (64). We have
F ij
{
vν,ij + Ω
rs
ij
∂2v
∂yr∂ys
+Θlij
∂v
∂yl
+ 1−t
n−2∆(vν)δij +
1−t
n−2Ω
rs
kk
∂2v
∂yr∂ys
δij
+ 1−t
n−2Θ
l
kk
∂v
∂yl
δij + (2− t)vk(−ark ∂
2v
∂yn∂yr
− ∂ark
∂yn
∂v
∂yr
)δij
−2vi(−arj ∂
2v
∂yn∂yr
− ∂arj
∂yn
∂v
∂yr
)− (Atg)ij,ν
}
= e2v(φν + 2φvν),
which can be written as
Lij(vν)ij + Λ
rs ∂2v
∂yr∂ys
= Π, (70)
where
Lij = F ij +
1− t
n− 2
∑
l
F llδij ,
Λrs = F ij
{
Ωrsij +
1−t
n−2Ω
rs
kkδij − (2− t)vkarkδijδsn + 2viarjδsn
}
,
and
Π = e2v(φν + 2φvν)− F ij
{
Θlij
∂v
∂yl
+ 1−t
n−2Θ
l
kk
∂v
∂yl
δij
−(2− t) ∂ark
∂yn
∂v
∂yr
vkδij + 2
∂ar
j
∂yn
∂v
∂yr
vi − (Atg)ij,ν
}
depend only on (Mn, g), |∇v|C1(M ,g), t, and φ, and are C3 and bounded by C∑
l
F ll.
For ∂
2v
∂yr∂ys
, we need to replace it by the partial derivatives of v w.r.t. ei. Recall
that ei = a
j
i
∂
∂yj
. Hence ∂
∂yi
= bjiej with (b
j
i ) = (a
j
i )
−1, which is also smooth in
BTδ
yi0
32
(yi0). In BTδ
yi0
32
(yi0),
∂2v
∂yr∂ys
= ∇2v( ∂
∂ys
, ∂
∂yr
) + Γlrs
∂v
∂yl
= bisb
j
r∇2v(ei, ej) + Γlrs ∂v∂yl
= bisb
j
rvij + Γ
l
rs
∂v
∂yl
,
therefore (70) implies that
Lij(vν)ij + Λ
rsbisb
j
rvij = Π− ΛrsΓlrs ∂v∂yl ,
or
Lij(vν)ij +
n∑
j=1
Λrsbns b
j
rvνj +
n−1∑
i=1
Λrsbisb
n
r viν = Π− ΛrsΓlrs ∂v∂yl −
n−1∑
i,j=1
Λrsbisb
j
rvij .
(71)
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By
vνj = (∇ej∇ν)(v)− (∇νej )(v) = vν,j − (∇νej )(v),
and
viν = vνi = vν,i − (∇νei)(v),
(71) implies that
Lij(vν)ij +
n∑
j=1
Λrsbns b
j
rvν,j +
n−1∑
i=1
Λrsbisb
n
r vν,i = Π− ΛrsΓlrs ∂v∂xl
+
n∑
j=1
Λrsbns b
j
r(∇νej)(v) +
n−1∑
i=1
Λrsbisb
n
r (∇νei)(v)−
n−1∑
i,j=1
Λrsbisb
j
rvij.
Define an elliptic 2nd order linear differential operator in BTδ
yi0
32
(yi0) as follows.
L(w) = Lijwij + (b
i − s¯∑
l
F llδni)wi,
where bi = { Λ
rsbns b
i
r + Λ
rsbisb
n
r if 1 ≤ i ≤ n− 1
Λrsbns b
n
r if i = n,
and s¯ > 0 is some constant
to be determined later. Then |bi| ≤ C∑
l
F ll in BTδ
yi0
32
(yi0), and
L(vν) = Π− ΛrsΓlrs ∂v∂xl +
n∑
j=1
Λrsbns b
j
r(∇νej )(v) +
n−1∑
i=1
Λrsbisb
n
r (∇νei)(v)
− n−1∑
i,j=1
Λrsbisb
j
rvij − s¯
∑
l
F llvν,n
≤ C∑
l
F ll − n−1∑
i,j=1
Λrsbisb
j
rvij − s¯
∑
l
F llvν,ν
≤ C∑
l
F ll + C
∑
l
F ll
n−1∑
i,j=1
|vij | − s¯∑
l
F ll
(
vνν + (∇
∂
∂ν
∂
∂ν
)v
)
≤ C∑
l
F ll + C
∑
l
F ll
n−1∑
i,j=1
|vij | − s¯∑
l
F llvνν by (63)
≤ C∑
l
F ll + C
∑
l
F ll
n−1∑
i,j=1
2(2vνν + C)− s¯∑
l
F llvνν by (62)
≤ C∑
l
F ll + C
∑
l
F llvνν − s¯∑
l
F llvνν
= C
∑
l
F ll − (s¯− C)∑
l
F llvνν
≤ C∑
l
F ll by taking s¯ > C,
(72)
where, in the last inequality, we used vνν > −C, therefore −vνν < C.
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From the equation F (W¯ ) = φe2v, we know
Lijvij = φe
2v + F ijvivj − 2− t
2
|∇v|2g
∑
l
F ll + F ij(Atg)ij,
hence
|L(v)| ≤ C∑
l
F ll in BTδ
yi0
32
(yi0). (73)
For any y0 ∈ BTδ
yi0
64
(yi0) ∩ ∂M , let (a1, · · · , an−1, 0) be the tubular neighborhood
normal coordinates of y0 at y
i0, and let
D := {(y1, · · · , yn)| yn ≥ 0,
√
(y1 − a1)2 + · · ·+ (yn−1 − an−1)2 + y2n <
δyi0
64
}.
Then√
y21 + · · ·+ y2n ≤
√
a21 + · · ·+ a2n−1 +
√
(y1 − a1)2 + · · ·+ (yn−1 − an−1)2 + y2n
<
δ
yi0
64
+
δ
yi0
64
=
δ
yi0
32
,
i.e., D ⊂ BTδ
yi0
32
(yi0).
Extend hg, ψ to a smooth and C
3,α function in BTδ
yi0
32
(yi0) independently, still
denoted by hg, ψ. In D, consider
w¯ = vν − ψev + hg + a(1− e−byn) + c¯
(
(y1 − a1)2 + · · ·+ (yn−1 − an−1)2 + y2n
)
,
where a, b, c¯ are positive constants to be determined later.
Pick c¯ > 0 such that
vν − ψev + hg + c¯
(δyi
64
)2 ≥ 0 in BTδ
yi0
32
(yi0).
Then
w¯(x0) = 0 and w¯ ≥ 0 on ∂D. (74)
Denote R = (y1 − a1)2 + · · ·+ (yn−1 − an−1)2 + y2n. By (73),
|L(−ψev + hg + c¯R)| = |L(hg + c¯R)− ψevL(v)− evL(ψ)
−2Lijψivj − ψevLijvivj | ≤ C∑
l
F ll. (75)
To estimate L(e−byn), recall ei = a
j
i
∂
∂yj
. In D,
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|bi(e−byn)i| = |biaji
∂
∂yj
(e−byn)| = | − bbiajie−bynδjn| ≤ Cbe−byn
∑
l
F ll,
where and in the following, C > 0 denotes a universal constants independent of a
and b.
Lij(e−byn)ij = Lij
(
∇2(e−byn)(ei, ej)
)
= aria
s
jL
ij
(
∇2(e−byn)( ∂
∂yr
, ∂
∂ys
)
)
= aria
s
jL
ij
(
∂2
∂ys∂yr
(e−byn)− Γlsr ∂∂yl (e−byn)
)
= aria
s
jL
ij
(
b2e−bynδrnδsn + be−bynΓlsrδnl
)
= b2e−bynLijani a
n
j + be
−bynΓnsrL
ijaria
s
j
≥ b2e−bynLijani anj − Cbe−byn
∑
l
F ll
≥ b2e−bynani anj (F ij + 1−tn−2
∑
l
F llδij)− Cbe−byn∑
l
F ll
≥ 1−t
n−2b
2e−byn(ani )
2∑
l
F ll − Cbe−byn∑
l
F ll
= 1−t
n−2b
2e−byn
∑
l
F ll − Cbe−byn∑
l
F ll by (66).
Thus in D,
L(e−byn) ≥ 1−t
n−2b
2e−byn
∑
l
F ll − Cbe−byn∑
l
F ll
≥ be−byn
(
(1−t)b
n−2 − C
)∑
l
F ll
≥ be−byn∑
l
F ll,
by choosing b≫ 1 such that (1−t)b
n−2 − C ≥ 1.
Back to L(w¯), we have in D,
L(w¯) = L(vν − ψev + hg + cR)− aL(e−byn)
≤ −abe−byn ∑
l
F ll + C
∑
l
F ll ≤ 0,
by choosing a≫ 1 such that abe−
bδ
yi
64 > C.
Hence (74) implies that
w¯ ≥ 0 in D,
therefore we have w¯ν(y0) ≤ 0, i.e., vνν(y0) < C. Since y0 ∈ BTδ
yi0
64
(yi0) ∩ ∂M is
arbitrary, Lemma 6.2 has been established. ♣
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Remark 6.2 By the Lemma 6.1 and the Lemma 6.2 and ∪Ni0=1(BTδyi0
64
(yi0)∩ ∂M) =
∂M , we know the Hessian of v on ∂M is upper bounded w.r.t. the metric g. Thus
Γ ⊂ Γ1 implies that
|∇2gv|g ≤ C on ∂M.
Lemma 6.3 Under the same assumptions as in Theorem 1.2, for t < 1, let v be
a C4 solution of the equation (12). Then there exists a universal constant C > 0
depending only on (Mn, g, t), (f,Γ), φ, ψ such that on M ,
|∇2v| < C.
Proof of the Lemma 6.3. Consider
E(x) = max
e∈TxM, g(e,e)=1
(∇2v + a|∇v|2gg)(e, e).
Let E(x0) = max
M
E, and let {xj}nj=1 be a geodesic normal coordinates w.r.t. the
metric g at x0. In the following, subindices denote the covariant derivatives w.r.t.
∂
∂xj
. W.l.o.g, we assume x0 is an interior point of M , and E(x0) = v11 + a|∇v|2g.
Consider E¯ = v11
g11
+a|∇v|2g. Then x0 is a local maximum point of E¯. We can proceed
as in the proof of the Lemma 6.1 to finish the proof of the Lemma 6.3. ♣
7 Proof of the Theorem 1.2
Consider the homotopy equation Hs, for 0 ≤ s ≤ 1,
{ f(− λg(sW¯ + (1− s)σ1(W¯ )g))− sφe2v − (1− s)e2v = 0 on M,
vν + hg − sevψ = 0 on ∂M,
(76)
where W¯ = W vg − Atg.
By the uniform C2 estimates we established and the result of Lieberman and
Trudinger ([19]), we have the uniform C2,α0 bounds for the solutions of the above
equation. C4,α0 estimates follow from the Schauder estimates. By the direct com-
putation, the linearized operator Ls(w) at a solution v is given by
{ (sLij + (1− s)Lllδij)wij + b¯iwi − 2(sφ+ (1− s))e2vw on M,
wν − sψevw on ∂M,
(77)
48
where
b¯i = s(2− t)F llvi − 2sF ijvj + (2n− nt− 2)(1− s)F llvi.
By φ > 0 ψ ≤ 0 and the maximum principle, the linearized operator is an elliptic
invertible operator: C2,α → Cα. Hence the equation of (76) for s = 1 is uniquely
solvable in C4,α0 if and only if the equation of (76) for s = 0 is uniquely solvable
in C4,α0 . When s = 0, the uniqueness and the existence of the solution has been
confirmed in [3]. ♣
8 Proof of the Theorem 1.3
Take an arbitrary Riemannian metric g on Mn. For instance, let {Ui, x(i)j }N, ni=1,j=1
be a finite coordinate charts onMn and let φi be a partition of unity subordinate to
Ui. We can simply take g to be
N∑
i=1
φi((dx
(i)
1 )
2+ · · ·+(dx(i)n )2). Let w(x) be a smooth
function on Mn such that w(x) is the distance of x to ∂M w.r.t. the metric g when
x is near ∂M . Then ∂w
∂ν
|∂M = −1, where ∂∂ν is the unit outer normal of g on ∂M .
Extend the mean curvature hg to a smooth function defined on M
n, still denoted
by hg. We can obtain such extension by straightening the boundary and extending
any function ψ¯ defined on ∂Rn+ to R
n
+ using ψ¯(x
′)(1− xn), where x = (x′, xn) ∈ Rn+.
However, we want to mention a different way which seems more natural. In fact, we
only need to extend hg smoothly to the interior of M near ∂M . Using the partition
of unity, we can localize the extension to a small neighborhood of each x0 ∈ ∂M .
Notice hg is the trace of the second fundamental form of g on ∂M whose definition
is, at every point x ∈ ∂M ,
II(X, Y ) = −g(∇
∂
∂ν
X , Y ), ∀X, Y ∈ Tx(∂M).
Let U be a small neighborhood where the tubular neighborhood normal coor-
dinates of x ∈ U at x0 is smooth and well-defined. Let {xj}nj=1 be such coordi-
nates. Then − ∂
∂xn
is a smooth extension of ∂
∂ν
to U and g( ∂
∂xk
, ∂
∂xn
) = 0 in U for
1 ≤ k ≤ n− 1, so
1
n− 1
n−1∑
i,j=1
g(∇
∂
∂xn
∂
∂xi
,
∂
∂xj
)gij (78)
is an extension of hg to U , where (g
ij) is the inverse of (gij) = (g(
∂
∂xi
, ∂
∂xj
)). From
the linear algebra, we know (gij) = 1
det(gij)
adj(gij), hence g
ij is smooth and (78) gives
a smooth extension of hg to U .
Let v = hgw. Consider g1 = e
2vg. Then on ∂M ,
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hg1 = (
∂v
∂ν
+ hg)e
−v = (hg
∂w
∂ν
+ w
∂hg
∂ν
+ hg)e
−v
= (hg(−1) + (0)∂hg
∂ν
+ hg) = 0.
For g1, let w1 be a smooth function such that, near ∂M , w1 is the distance
function to ∂M w.r.t. g1. We know that
∂w1
∂ν1
|∂M = −1, where ∂∂ν1 is the unit outer
normal of g1 on ∂M . Take g2 = e
2A(w1)2g1 with A > 0 being a constant to be chosen
later.
Direct computations yield that on ∂M
hg2 = (2Aw1
∂w1
∂ν1
+ hg1)e
A(w1)2 = 0,
and
Ricg2 = Ricg1 − (n− 2)A∇2g1(w21)− A(∆g1(w21))g1 + (n− 2)A2d(w21)⊗ d(w21)
−(n− 2)A2|∇(w21)|2g1g1
≤ Ricg1 −A(n− 2)∇2g1(w21)− A(∆g1(w21))g1,
(79)
where in the last inequality, we used a general fact that df ⊗ df ≤ |∇f |2g1g1 for any
C1 function f . The explanation is given as follows. At each x, we take a geodesic
normal coordinates {xi}ni=1 of g1 at x. At x,
(df ⊗ df)( ∂
∂xk
, ∂
∂xk
) = ( ∂f
∂xk
)2 ≤ n∑
i=1
( ∂f
∂xi
)2 = (|∇f |2g1g1)( ∂∂xk , ∂∂xk ),
which implies that df ⊗ df ≤ |∇f |2gg since both df ⊗ df and |∇f |2gg are symmetric
(0, 2) tensors.
For any x0 ∈ ∂M , we take a tubular neighborhood normal coordinates {xj}nj=1
of g1 at x0. Then w1 = xn near x0. At x0, by xn = 0
∇2g1[(xn)2](
∂
∂xi
,
∂
∂xj
) = ∇ ∂
∂xj
∇ ∂
∂xi
[(xn)
2]− (∇
∂
∂xi
∂
∂xj
)[(xn)
2]
= ∇ ∂
∂xj
∇ ∂
∂xi
[(xn)
2]− 2xn(∇
∂
∂xi
∂
∂xj
)[xn]
= ∇ ∂
∂xj
∇ ∂
∂xi
[(xn)
2] = ∇ ∂
∂xj
[2xn∇ ∂
∂xi
(xn)]
= 2(∇ ∂
∂xj
xn)(∇ ∂
∂xi
xn) + 2xn∇ ∂
∂xj
∇ ∂
∂xi
xn
= 2(∇ ∂
∂xj
xn)(∇ ∂
∂xi
xn) = 2δ
n
j δ
n
i ,
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so at x0,
∇2g1[w21] = ∇2g1[(xn)2] = 2dxn ⊗ dxn ≥ 0,
and
∆g1[w
2
1] = ∆g1[(xn)
2] = 2.
Substitute the above two into (79). At x0, we have
Ricg2 ≤ Ricg1 − (n− 2)A∇2g1(w21)− A(∆g1(w21))g1
≤ Ricg1 − 2Ag1 ≤ C1g1 − 2Ag1,
where C1 > 0 is a universal constant depending only on (M
n, g) and independent of
x0.
Choose A ≥ C1
2
+ 1
2
. Then Ricg2(x0) ≤ −g1(x0), which implies that Ricg2 ≤ −g1
on ∂M , hence
Ricg2 < 0 in a tubular neighborhood of ∂M.
By the result in [15], there is a smooth metric g3 on M such that
g3 ≡ g2 in a smaller tubular neighborhood of ∂M,
and
Ricg3 < 0 on M.
Clearly, hg3 = hg2 = 0 on ∂M , and Ricg3 < 0 on M implies that
−λg3(Atg3) ∈ Γn ⊂ Γ, ∀t < 1.
Thus, by the Theorem 1.2, there exists a unique C4,α0 metric g4 ∈ [g3] solving
{ f(−λg4(A
t
g4
)) = φ, −λg4(Atg4) ∈ Γ on M
hg4 = ψ on ∂M.
In particular, we can take (f,Γ) = (σ
1
n
n ,Γn), t = 0, and φ ≡ 1, ψ ≡ 0. Theo-
rem 1.3 has been established. ♣
From the arguments in the proof of Theorem 1.3, it is easy to see that for
any smooth compact Riemannian manifold (Mn, g) (n ≥ 3) with some boundary
including those metrics with positive Ricci tensors, there exists some metric g3 which
is conformal to g near ∂M satisfying
−λg3(Atg3) ∈ Γn ⊂ Γ on M and hg3 = 0 on ∂M.
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Thus we have the following result
Theorem 8.1 Let (Mn, g) be an n−dimensional (n ≥ 3) compact smooth Rieman-
nian manifold with ∂M 6= ∅ and let f ∈ C2,α0(Γ) (0 < α < 1) satisfy (5)-(9). Given
0 < φ ∈ C2,α0(Mn), 0 ≥ ψ ∈ C3,α0(∂M) and for any t < 1, there exists a C4,α0
solution g˜ which is conformal to g near ∂M and solves
{ f(−λg˜(A
t
g˜)) = φ, −λg˜(Atg˜) ∈ Γ on M
hg˜ = ψ on ∂M.
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